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PREFATORY NOTE 



Tun use of complex quantities, i.e., quantities part real 
nnd part imaginary, in tho theory of alternating currents 
has been greatly developed by Dr. Charles P. SteinmeU 
in his work on "Alternating Currant Phenomena." It 
would bo dimcult to determine the influence which earlier 
writers, from tho time of Caspar Wctisul down to Stoinmetz's 
day, have luul in laying tho foundation on which Stein- 
met/, has built. It is, however, fair to say that the great 
advance^ in tho use of vector methods, both algobruio and 
geometric, due tu Dr. StcinmoU, justifies us in calling 
their application to alternating current phenomena Stein- 
mety/H Method. 

Karlier writers used complex quantities to represent 
vector quantities algebraically. Dr. Stemmed extended tho 
application so as to include harmonic quantities. An 
many writers on electrical subjects are prone to oonfuso 
vector and harmonic qnantitioH, tho author thinks it 
necessary to distinguish these two uses of complex quan- 
tities, and for that purpose he starts with the vector use 
and later taken up tho harmonic, use. In addition, sub- 
traction and certain oases of multiplication and division, 
correct results are obtained by treating harmonic quantities 
as vector quantities; but in other cases of multiplication 
(such KM multiplication of o.m.f. and current to obtain 
power) and division (such as dividing power by o.m.f. 
tu gut current) incorrect results aro obtained unless arbi- 
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trary rules of multiplication and division are introduced. 
It therefore is necessary thoroughly to examines tins funda- 
mentals of those uses of complex quantities, and to 
deduce the Jaws of addition, subtraction, multiplication, 
and division, as applicable to vector quantities and to 
harmonic quantities whether wimple (electromotive force 
and current) or compound (power), and also to sueh non- 
harmonic quantities as resistance, capacity, induetance, 
etc., in connection with hiinnonio quantities, 

There are two methods employed by doctriciaiw lining 
the complex quantity notation. The older method dun lit 
Dr. Stoinmetx, k expressed in graphical form by thn \vuvn 
diagram. The other method uses the no-called mink 
diagram. In both methods counter-clockwise rotations are 
used, though tlie formulas have led Home poiwtiiH to Uiink 
that Dr. Stemmed has used ehtckwine rotatiuiiH. Jt JH 
true that the imaginary terms in the msultin^ f linm ila) 
have opposite signs. In reading ])r. SteinnmU'H workn no 
confusion need msult for one acouHtomml to the crank 
diagram method if the differences arc kept in mind. H 
has seemed to the author that the crank diagram method 
suits his purpose bettor, and conHuquently it will bo unml 
in this book. 



TABLE OF CONTENTS 



-,, , . 

P.11NFATOHY NOTIO jjj 

(jiiAiTNit T, Itniiiry powm-of mils of minim cms 1 l-H 

(luAi'TNH If. lltilnry jxiworof limiKlnuryuxpniionU... 12 12 13 

( -MAi'Twit III. Piwitum f a point in ti piano ],[ 14 

IJnifurni circular motion IX Ifi 

KITra I, of dumping npinil motion 18 10 

CHAPTHU IV. Kimplo harmonic quuiitiUuH 21 17 

lliii'monio olocti'innotivt! forai '2'2 IS 10 

Hiirmonic ourront, iinpddtincn 2-1 20 21 

iriivnumlc olcsotroniotivo forcits in swiiis , , ,'iO ^2 

Prol)^!!! of MKS divitlrd cirouit 32 33, 24 

.KdHolut-ion into oompcHutntH lifl 2, r ) 20 

TJtw of n nynuiii)tri(!nl pah- of iriniiglot). ... ;1S 27 

(JiiAi'TBii V. Troduot of two Imnnonio (luuiititios H<) 28,21) 

-l-'ownr in nimplo circuits 40 ;KHJ;) 

Powor in omiuitH of moro Uiiui onci phiwo. '15 ;).[ 

Halniicod Uvn-plmwi) circuit d(( 3,5 

liiilfmrod Uirod-pluiHH circuit 4(\ ;\o 

JJiilnncod four-pi n IHO cirouit .17 37 

Dalamuid tiix-|)]inso circuit -is US 

Hiiliuiciid poly])li!LS(i circuitH in KOIIOI-H,!. . . 4K 39 

UnliiLlmiciiil polyplmso circuit fi() 40 

iiAi'Ti-jii VI. Noii-liitrnionid oiirrmilH fi2 41 

Owiillutory dinp,luirK() of a condouum 1 fiii d2, -13 

Nim-OHoillatory dlHoliai'Ku t f a coiulniiHor 59 ',14 
.I'lionomona olmorvnd t)n cloning tlio cir- 
cuit, HhirtiiiK (,nn 00 '15-48 

rcniarks 07 ^y 



vi TABLE Oif CONTENT'S 



CHAPTER VII. Compound hurmonic current, olufilro- 

motive forco inul power (iS 50 

TJso of Fourier sorion OS fil, I 

Power factor 71 fill, t 

VIII. Interlinked eimiitH, mutual indiiolnnco . . 7'l 55 
Ohm's law extended to mutually induc- 
tive circuitH 75 fi<M 

Faraday's ring 7(1 fill 

Concerning linos of force 7S 00 

Italic of (ranHfonnation 7!! 01, ( 

Transformer diagrams, lagging cumHil. , . SO OH 

Itfxoiling curi'ont, coro loHUdH S'2 (!!' 

Effect of flux leakage SH 115 

er ofjualions Sll 00 

or diagrams, lending ctiiTont, . . SI 07 

'Difficulty found in exponential expntHHion , Sfi OS 

ConchiHion Sfi 01) 

Index 87 



REVOLVING- VEOTOES 



REVOLVING VECTORS 



CHAPTER I 
ROTARY POWER OF ROOTS OF MINUS OWE 

& 1 Mora tho year 1707 algebraic expressions were 
used to represent magnitudes only, but in that year 
a Danish Hiirvoyor, Caspar Wesaol, presented a memoir o 
the Huyul Academy of Sciences and Letters of Denmark, 
entitled "On tho Analytical Iloprosentation of Direction . 
Wi'ssoI'H memoir laid the foundation for vector anaylsis, 
for the theory of functions of a complex variable, and for 
Ktrinmet^ method for ,iUormiUug_currant phenomena. 
In thiH paper Woaaol introduced V-l as the ff n o/ per- 
, J,rk and used the letter . te indicate this - 
of Urn imaginary unit. It in now common to use the letteis 
i for V-l. He whowed how a quantity might be 
cmtod both in magnitude and direction by an algebraic 
, luul made it clear that he uaod Ao ffn of per- 
, not as a factor in the str tat ^^^ 
but rather an an operator functioning to rotate the mag 



nr 



. Om Divoklionen* analyttako Bcto R .un R ct FOOB 

* m iiiimo 

/A. A- B, !,, VcL 



XLVI, p. 33. 



2 REVOLVING VKCTORS 

nitudo for which the rant of tho algebraic quantity stood, 
through an angle of 00. 

Until tho discovery by WOHHO! of tho uso of V-l IIH 
tho sign of perpendicularity, this symbol when occurring 
in a problem had always boon taken as a sign indicating 
the impossibility of tho problem, just as wn are ne.umtomod 
to view the answer obtained as absurd if, for example, wo 
arc required to divide seven apples into piles hnviutf ton 
apples in each. In early ages minus quantitio* wero_uu- 
known, and solutions involving the indication of _a immw 
quantity wore taken to iudiduto nn impossibility. Wo 
now think it fair to hold our minds op<m to num now 
meaning to liu asKignod to Hymboln whieh formerly were 
meaningless if not absurd. 

"VVcssol's memoir mot the afimo fufco us many otlioiH 
written in advance of their timo, flucli an (Immi'H OHHH.V in 
which tlie potential function was olirwUinod, and (iibbs's, 
essays in which tho foundation of tho thormndyimmies of 
the voltaic, cell was laid; for WOHHO!'H paper wun put to 
sleep in tho printed momoirn of tho Acadomy, its dumbor 
not to be disturlwd until long years after, when WnHsol'H 
ideas had boon rediscovered by other mon nuoh an Around, 
Gauss, Cauchy, FraiiQais, and Gergonno. 

2. To show how little prepared tho mathematical 
world wftfl for Weasel's ueo of V-l, it in iiitorosting to- 
find that Cauchy i i\ lato as IS'14 said: 



"Every imaginary equation 'in imuRlit O!H than tho 
symbolic roprenentation of Iwti oquutioiiH botweon ronl 
q'uantitios. Tho oinployment of imaginary oxproNHionn 
by permitting m to roplauo two ot [nations by a singlo 
one, ofton offers tho moans of simplifying ouloulntionH 
and of writing in abridged form quite complicated re- 
sults. Such indeed is tho principal motivo for oou- 

1 Cauchy, Exorciuo il'iuialyso ot do pliysiquo maUimnatunio, T 
III, p. 361. 
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tinning our use of these expressions, whidt taken literally 
and interpreted according to generally established con- 
vent-ions signify nothing and are without sense," 

Professor Durege of Prague aays in tho introduction to 
his book on "Tho Theory of Functions of a Complex Vari- 
ublo" 1 : 

" TIio work of deMoivrc, Bernoulli, the two Fagnanos, 
d'Alombert, Eulor, and others was, on the whole, looked 
upon more an scion tifiu fooleiy (Spieloreion fiir hloso 
Curiosa), and that it wan entitled to appreciation of 
worth only in proportion JIB it lent useful moans to 
help in other investigations." 

!i. To prepare for u meaning to an own root of a 
nogiilivo quantity, it may be useful to consider how a 
negative quantity was transferred from the absurd and 
impossible to tho category of real and possible quantities. 
Wo am all in agreement that no quantity, in tins strict 
sense, can be a quantity at all if_ its magnitude is loss than 
y.oro. How aro we then to understand the negative sign, 
if a negative quantity !H to have real meaning? The 
solution "of tho pimlo in illustrated by means of sncli r 
problem as thin: Tho point A is five miles cant of #, tl' 
point G' is ten miles east of B. How many miles is ,1 ei 
of 0? The result is- 5 miles. The old interpretation . 
tho rewilt is thai; the answer in absurd, for A in not eat- 
of C at all. Tho modem intepretation is that the ansv 
in not abniml and that the -5 miles is to bo understo 
as 5 miles west. Or put in another way, the negative si^, 
is not to bo understood as compelling us to consider . 
distance lens than nothing but simply that tho minus 
sign is an operator which _ funetions to change our east- 
ward HMiHG of counting into tho opposite or westward. 



"Thoorlo dor 1'unktlonon oinor cynii'U'xini vorilmltn- 
Holion CtrOHso," p. '^- 
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Wo may then consider Unit what IUIH been takon as multi- 
plication by 1 i.s not really multiplication at all, bull 
merely the HHO of an operator turning an eastward through 
180 into a westward .sense of counting. 

4. In an analogous way, let UH consider. wlmt would 
happen if an operator eoulil he found which on being 
applied to eastward .sense would change it to northward 
and on being applied a second time would (Oiange .north- 
ward to westward, and NO on with Hiimwuivo uppliotiLionH 
of tins operator, changing westward to nouthward,imdn(mtli- 
ward to oatitward. That V I. in sui'.li an operator wan 
discovered by We.s.sol, and tin below uientJoimd, lio (ialled 
it the sign of pcrpandwulnrili/, for ho found that \/ 1, 
uaod twi(so would nuwo a reversa.! (f direction or a rotation 
of .180; and what wan morn natural than to annumo that 
one application would produws a rotation of !)()" ? To' 
avoid ambiguity between tlu; two senncH in a piano through 
which tho 180 rotation to produce a wvormil might bo 
taken, wo may agree to consider tho rotation to tako plueo 
counter-clockwise, We Hum have 

V- 1 Kant -North, 



North 

-S/---1 W(\sl,-,Soutl 
\/^"I\/^l North 



To ftbvidgo tho notation, hut not oompromiHing on 
attitude, wo may write; 

(\/~J> Kast- (\/~ 1) North. 
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& 5. Although iioeontradictory complication has resulted 
from the use of V- 1 as a 90 rotator, the reader may have 
grave doubts of the safety of using it in all cases as Weasel's 
sign of perpendicularity. His confidence, may be increased 
by showing that analogous assumptions of rotary powers 
given to other roots of -1, are f rco from contradictions! 
To this end lot us examine /-i, which we should expect 
to 1)0 endowed with the ability to rotate through GO 
as three applications, as an algebraic multiplier, would bo 
equivnlent to multiplying by -i. How about it as an 
operator? Lot us nssumo that 



or 



This equation has three roots, as follows; 



or 



or 



/ I may bo used as an operator t 
eastward direction as bofore, wo have three results: 

V - f East - G- + 4 VI V -I) Kant J Uast -I- jVJT North, 



I'JaHt = - 1 jilttut - West, 



From .Fig. 1 it i a evident that tho first result produces 
a rotation of 00_ without change in magnitude, for the 
wiio of 00 ia i\/8 nnd the cosine is 4. Tho second result 
w a rotution of 1KO, simply cluuiging eastward into west- 
ward. Tho third result is cither a backward rotation of 



G 
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60 ov a forward (oountni'-cloiskwiHn) rotation of 
All 011 being ropuntod for UK; tliird time pmdmsn 
of direction; for thoy givo one-half it, rotiition, oiui 
oiio-half rotations, and two and owi-lwlf roLiiUoiiH I'l^ 
ivoly, all being 1 tiikon an countdi'-cloclvwint!. 

To avoid oonf union wo Hhall (,nko *i/ 1 to ho an op 
oiulowod with tho power of producing u rodntion' (' 



nil 




-}- [iuut 



.Km. I. 



0, Wo inuy prnc(!0(i in n mniiliir wv to uhuw Mutt 

Jr ~ ' ' 

V-l may bo mod do proiluco u roUtiun of ,1;?'. Lnl, 



or 



Thin oquiitiou JUIH four wtlutioiw, an 



ROTARY POWER OJ.' 1 ROOTS OF MINUS ONE 7 

Applying thorn Hiiocasfiively to an eastward direction 
s boforo wo have the four rosultH, 

V I Mwt - i \/2 Knat -h 1 V^I North - Northeast , 

rfih = Northwest, 



Thoy urn equivalent to rotations of 45, 135, 225 or 
3 1/3, wild nil on being ropiuUed for Uio fourth timo pro- 
iluco ruvni'HiilH (wibhoub or with oxtru comploto rotatioiiH). 

7. In thd Hivino way all other roots of I miiy bo 
.ixaniintid (for nil arts known), uiul in ovory oauu thoso 
ootn will ho found to ho ondowod with the property that 
IH oi.mratoi'H they will produce rotations which, ou boing 
:opL(;c!(l to tfie niimhtir of times intlicatcd by tho indox 
>f tlio I'oot, will produc.o rovernaltj. In gononil for the 
oot givuig Hinnllewt rotation 



n 
Hinting V j. by \, wo may wrilio thiH o 



1 " C,OH --- -7 Hill . 

J u n 

Tboro are ulwo otluu 1 rnotn ^iviiifi; largor rotnbiojia. Tho 
al nxpre.HHion for all roots in an follows: 

.J (lim-l'I)* 1 , . . ( ( 2w-|-l)3c 

I W.-.U10H -- hi Hill - . 

J n J n ' 
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or indeed any number whatever, and wo shall oven 
use of it as a variable quantity in alternating c 
applications. 

8. Let us consider two operators, able to p 
I'otation through angles indicated by and 0, 

yi = co8 -\- sin 



Multiplying them together, we get an operator A 
A.B = cos cos </> sin mi (/j-|-j(.siii UOH f/>-|- cos Om 
= cos (0 -!-</.)+/ sin (0-1-0). 

This new operator hns the power of producing ( 
tion through the Bum of tho angles 0-|-0, It IH 
remembered that j' 2 ~ 1. 

If we divide one by tho other, we obtain 

A _cosj?+jjiin 
B cos 0+j sin (/i 

^COH COH f/>-|-HJn ff ain ^6 jj-^(sin COH (/> COH fl t 

cos' 2 t/j-l-Hiu^ 

= cos (0 - 0) -|- / sin ((? - (/) . 

From which it appears that -.- j an operator proi 

a rotation through tho angle- () <{>. 

In a similar way to tho multiplication above, if 
</) arc equal, wo have 



^t a coH8ff + j Bin 3 
or In general, 



Aoos ntf+/ sin nff (COB 



sn 
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If nQ=* equals ISO or TT, we huvo 



A R = A6 COS 

and 



Prom this follows the vahio of \/~ 1 given abovo, viz,, 



. 

71 J n 



The gonornl vnluo given above may 1m reached in an 
nnnlogoim manner, for it' m in any whole iminbor (poaitivc. 
or nogativo) or zero, wo havo 



cos (2H-])7H-/Hin (^ 
and 



. - 
V 1 = (',OH- - ;. --; Hill ............ 

n J n 



This Itist cxproHwion, though it uppoiivw (.n Iiavo an 
indefinitely groat number of diffoivnt vuluoH, in fuod l m 
only 7t difforont vnluoH, if ?i in a whole ntmilwr; for tl )( ) 
vnhioH of tho (josino and HIHO ropuiib nftov ^ ditfuronb vaiuuH 
it being evident that if m^n, 



, . 

OOH- - --- ? 
H 

If w--rt 



, 

COS- - '/ Hill -._.-* 

n ' n ' 

and BO on. 

9. If n is a fraction equal to ~~, which may be, a propor 
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or improper fraction and positive or negative, both 
.and q being whole numbers, we shall have 
p 



for on raising this expression to the power p, wo obtain 



If 5 is an odd number j' 2<z cos qn 1, ami if </ in mi 
even number j 2lJ = cos <pr-= -1-1. In both cases sin gw in 
zero. If q is negative the same result follows. 

10. If 11 is a number which is neither whole nor a 
proper or improper fraction, we may by the doctrine of 
limits have confidence in assuming that V 1 will have 
a value between %/~^i ft]U } \/\ } where r<w<s, and 
r and s are whole numbers or fractions very close to one 
another in value. 

As we may always find whole numbers or fractions, 
one larger and one smaller and different from n by amounts 
less than any assigned amount, in tho limit wo may find 
the value of v 1 with as high a degree of precision aw 
desired. We may therefore have confidmuu) that n may 
be a continuously varying quantity, way a function of tlui 
time. For example let w be an angular velocity and I bo 
time. We may write the following equation; 

'"' 



This equation expresses a variable operator whioh 
functions to rotate any vector to which it is ai>i>llotl with 
a counter-clockwise angular velocity . In the case t " 
clockwise rotation, substituting ~io for ta. wo obtain 

~z _2;?.( 

V 1 = j M cos tat j sin tat. 
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It should bo had in mind that reversing tlio sign of 
an angle does not affect the cosine, but docs reverse tho 
sine. 

11. The formula) for rotating operators, as will bo 
shown in the next chapter, may bo more convoiwmfcly 
expressed as powers of the base E of tho Napierian system 
of logarithms, as follows: 

)'*>' ==003 wH-?sin cot, 
and 

-i< at coa wi /sin tut. 



CH'Al'TKIl H 
ROTARY POWER OF IMAGINARY EXPONENTS 

.12. Id linn biiiiii shown in tho pnivioiiM (tliiiptoi 1 Mini, 

m'H oi' roots of Uio inm^innry unit, V - \ , or /, may 
b(i uwtd U) obtain nn operator \vliirh c.iiii fundl-inn l-o rol.nUi 
a viMil.or ijuaiitiiy {lilliiM 1 (Ju'Dii^h JL HUiUnl tin^lo or Uirou^K 
an impjlii iiKii^iiHiiif!; (lonlj'iniously with tho timn. '.I'hcHti 
oponitorH miiy IK; moro coiivonicuitrly oxpi'UHHiul n.s un<j;iiuny 
powcr.s of e, Lhii basil of (Jui N'iijiitJi'iaii My.siiim of lo^nnUnnH, 
Tho iiiiitlKHiniticiil formula) involved \vnni tilrotidy old nnd 
wull known in WtJHHoI'H cluy iuul uro Ut ho found in JOulor'H 



If wo expand s a: , ulna: and COH it; iu pownr.s of x 
obtain; 



mn x~-~ 



- - . -~ - 
r ,, 



It IH ovitlnut that if /a; i HubHtitutnd for ;i; wo nliull 



,,.5 
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Referring to Chapter I it is evident that the rotating 
operator may take any one of four equal forms: 



: e30= cos 0-\-j sin 0, 

in caso rotation is to take place through a definite anglo 
0; or in caso the rotation is to bo continuous and a function 
of the time the four equal forms may be written: 



Y"^i=j " B=e?' w '~cos wf-l-J sin wt, 

in which t is the timo and to the angular velocity. 

13. If an operator consisting of the sum of two operators 
which used singly would produce rotations equal in mag- 
nitude but opposite in sense, is used on a vector, the oper- 
ator reduces to a simple factor causing the vector to follow 
the law of simple harmonic motion. The expression for 
such an operator is: 

7"J-|_ e -jW = 2COS 0)1, 

a result which might have boon obtained directly from 
Eulor's formula for the cosino, 



cos 



CHAPTER III 
POSITION OF A POINT IN A PLANE 

H Many applications of complex quantities with a 
vector meaning might be made. It is believed, however, 
that the following will suffice to illustrate their UHO. ^ 

The position of a point in a piano may be determined 
by rectangular coordinates. Using as before j for Weasel H 
sign of perpendicularity, the position of the point / with 
reference to the point taken as tho origin of coordinate* 
as shown in Fig. 2, has the following expression; 




a being tho horizontal and 6 tho vortical projection of tho 
line of length p, connecting and P. Wo luivo by geometry 
that ^-aa+tf 2 , a^pwtiO, and ft^umfl. Using polar 
coordinates, tho equation becomes 



P=>(> cos 0+jp sin 0- (cos 0-Vi Bi 



14 
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Using the notation of the last chapter, wo liavo 



Weasel's idea of the analytical representation of direc- 
tion has an illustration in each of the equal operators 
' and costf + jsinfl. Each has a magnitude unity, and 
each may be considered to have the solo effect of specifying 
a direction differing by an angle from the direction (hori- 
zontal) taken as standard. It is permissible also, as pre- 
viously done, to consider s' and cos 0-|-y sin. as operators 
functioning to turn p from a horizontal position to that 
indicated in the figure. Tlio whole expression for P, 

P=a-\-jb=E io (>~ (cos /?-)-;/ sin 0}p, 

has both magnitude and direction expressed, the first form, 
a+j'6, expressing by a both magnitude and horizontal 
direction and by 6 both magnitude and horizontal direction, 
the latter being rotated into a vertical direction by the 
operation of j. In the later expressions the operators, or 
analytical expressions of direction, e> 6 and cos /?-)-/ sin 0, 
are expressed separately from the magnitude p which, if 
standing alone, would have boon understood as a horizontal 
magnitude, 



UNIFORM CIRCULAR MOTION 

16. Another simple illustration may bo taken from 
uniform circular motion, one of the simplest motions mot 
with in physics and which we shall use later in connection 
with harmonic quantities. 

First let ua consider the position of a point moving 
about the circumference of a circle. Lot tho radivm of the 
circle be R and tho angular position of the radius bo expressed 
in terms of angular velocity w and tho time t elapsed since 
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1-,,-mi-nI and directed to tho right (Fig. 3). 
X" ** M oH* o f coo,U- 

natoB. Wo have then 

p^gjV/^eoH wM-f Km wt)72. 

nn it is dcBirablo to tnko OH origin any 

If for anyrouson il is acw ro 



horizontal, wo would luwo 




Tho introduction of an ocentric origin (, J) 
epoch (0) introduce* no roal difficulty, Uioufcii 

nliffites tho expression, . 7J li , 

^^^iltliovoloflltyroftlujiH.mbP. ^ 

we have (using tho earlier oxprcHBion loi i J, 






ell 
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This shows that the magnitude of tho velocity is coR, 

and the phase 90 or ~ ahead of the phnso of P, both well- 

& 

known facts of uniform circular motion. As the last trans- 
formation may have difficulties for some renders, it is 
well to note that, as given earlier, 



and if tat equals ~, this equation reduces to 

,x 

1-V, 

therefore 



It is also of advantage in differentiating cos toi-Vj sin tot 
not to change from cosine to sine and vice vermi, but 

rather to advance the phase by ~ which comes to the 

same thing. Changing from cosine to sine and vieo versa 
in differentiating harmonic quantities conceals tho change 
of phase from immediate notice, and u clear understanding 
of phase relations is desirable. 

If tho origin of coordinates is nob at the center of the 
circle and if there is an epoch angle in tho oppression, tho 
second expression for P, 

p c=e t-o) J B_a-;6=(oos (wJ-^ -I-/ oin(4 
loads to a value of V, 
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lo 

,- ,t \ n uniform circular motion u 
The acceleration A m imuom 



follows: 



for the simple case, and 



m of tll() formuUo 

tov the move involve^ * ^ K und ito 

ta that the "-gmtu-U^ UK ^ 
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of tho pendulum, 



EFFECT OF DAMPING, SPIRAL MOTION 
The expression for V then may bo rewritten 

7T \ / 7T M / 

:-!-^-[-r/>H-/sm wM-;y-l-0 Bv 
\ w / J 
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The ftocolonition vi Ixxi 



These oquatioiw Hhow that tho phaso of tho velocity 

7T 

of a damped circular poudulnv motion is --!-(/> m advance 
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of the phase of the position of the pendulum, i.e., (j> more 
than a quadrant: and the phase of tho acceleration is in 
advance of that of the velocity an equal amount. Tho 
acceleration is not directed toward the center, as is tho 
case in uniform circular motion, but is in advance of a 
line drawn to tho center by an angle 20. 

The real part of the above expressions is applicable to 
simple pcmlular motion (in a vortical plane) or to tho 
movement of a ballistic galvanometer with damping of 
moderate magnitude, and analogous expressions apply to 
the charge and cm-rent in the case of the oscillatory dis- 
charge of a condenser in an inductive circuit. 

The origin need not be taken at tho center of the spiral, 
and there may be an epoch angle if for any i-oiwon it is 
considered desirable not to take tho coordinates MM assumed 
above, The complications resulting are not troublesome. 



CHAPTER IV 
SIMPLE HARMONIC QUANTITIES 

17. In the previous chapters wo have iwcrl complex 
quantities in connection with real vectors only, in this 
chapter we shall make use of vector expressions to repre- 
sent simple harmonic quantities, 

In Chapter II the connection was shown between a 
simple harmonic motion and a pair of circular motions 
equal in magnitude but with oppositely directed angular 
velocities. Algebraically this connection is expressed by 
Euler's formula for the cosine, 



/<U(_]_ fat 

COS iol = - - - 



As is well known, tho real parts of e' w < and E~' W are 
identical and tho imaginary parts equal and opposite. 
We therefore have the relation 



g/wi-j, jail 

cos col = - - - 



It appears from this expression that instead of expressing 
the simple harmonic motion na tho sum of two oppositely 
directed uniform circular motions which are equal in mag- 
nitude, we might equally well havo considered the simnlo 
harmonic motion as the real part of a single uniform 
circular motion of twice tho magnitude) of one of the pair 
and revolving either clockwise or counter-clockwise as one 
may prefer. This statement amounts to saying that a 
simple harmonic motion is tho projection of a uniform 

21 
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REVOLVING VECTORS 



circular motion on tho diameter of tho circle, or us man 
writers say: simple harmonic motion i.s the 'apparen 
motion of a point in uniform circular motion when viewe 
from a distant point in the plane of tho motion. 

HARMONIC ELECTROMOTIVE FORCE 

18. Let us consider an electromotive force of the fort: 

e~J'l cos tot, 
which may be considered as the real part of tho expression 

JS = e 7 ' w /i' ~ (cos iot-1-j urn <ot)J3, 

This equation is represented graphically by OP, tho nuliui 
of the cirolo understood to bo revolving counter-clockwisi 
in the figure (Fig, 5). 

P 




E CO3 W( 



A dob over or under a symbol will be underwood to 
mean that the quantity in analogous to a uniform circular 
motion, but no information in given with respect to tho 
period or phase of the variable. It must always tie had 
in mind that only tho real part of tho doniplnx oxprenHiuu 
is to he considered noriously. Tho other part m to be 
looked upon us scaffolding about a building in process of 
erection, or tho sawdust in a box of torpedoes, which need 
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not be confused with the building or the torpedoes them- 
selves, respectively, for the imaginary symbol is a warning 
that the associated term is to bo disregarded. Tornw in 
which j occurs as an index must bo resolved into their 
real and imaginary parts before the latter may bo dis- 
regarded. 

No error will be made in adding or subtracting .such 
expressions, for the real park of the sum or the difference 
of two complex quantities is the Hum or the difference of 
the real parts only. Multiplication or division by, or 
differentiation with reaped; to, any real quantity cannot 
cause any confusion; for none of those processes can change 
a term from real to imaginary or vice verm. Bui; multi- 
plication, or division by, or differentiation with respect to, 
any imaginary or complex quantity in apt to result in 
confusion unless quite arbitrary rules are used for these 
operations. As a rule in the multiplication of two simple 
harmonic quantities, we may not lists the whole expression, 
but only the real parts. As an example, in obtaining the 
expression for power by multiplying current ami e.m.f., 
we must use tho real parts only. Power, as a rule, in not 
a simple harmonic quantity, but is a Hum (or difference) 
of a constant and a siinplo harmonic quantity of double 
frequency. Dr. Stoinmotss by using un arbitrary rule for 
such multiplication obtains the avumtja valuo of tlio power. 
As it may bo shown that Dr. fttoinmoU's rule for obtaining 
average power always loads to the right result, his rule 
may bo used fearlessly in such cases. 

19. In representing harmonic current or c.m.f. by 
means of the analytical expression for a revolving vector, 
it was assumed above that tho projection, represented by 
the real part of the expression, should bo the graphical 
representation of tho current or o.m.f. respectively, and 
therefore diagrams should 1m drawn to tho proper Hcalo. 
For many purposes it will bo found more convenient to 
change tho scale in such a way that tho length of tho revolving 
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vector shall represent the effective (square root of mean 
square) value which is indicated by an ammeter or volt- 
meter in the respective eases. This valuo for simple har- 
monic cases is W2, about 0.707, times the maximum 
value. The analogous equation is as follows: 

W""V2#= (COK tot+j sin ait) V2E, 

if the value at any time I is to bo given by tho projection. 
As it is only rarely that wo desire to know instantaneous 
values, it is more usual to use the former expression 

$ = &']$ = (cos Ml+j Bin Ml)E, 

and understand by E tho reading of the voltmeter, and 
in case instantaneous values are ever needed, to find them 
by multiplying tho real part of E at any instant by </2 
Tho beginner must early master 'the didieultie.s introduced' 
or avoided by using or suppressing VJ in tho formula* 
and be on his guard to avoid misunderstanding various 
writers. It may be said that, as a rule, barmouie currents 
or electromotive forces are expressed in effective value* 
while harmonic magnetic fields are expressed in maximum 
values. Power is as a rule expressed in amrayc, value*. 
1 10 reasons for these apparently arbitrary ehoices tho more 
advanced student has probably already learned We 
cannot take space hero to go into tho matter further 
and must bo content with tho bare statement. 

HARMONIC CURRENT, IMPEDANCE 

20. If tho current, as well as the electromotive force, 
follows an_ harmonic law, and lags behind tho c.m.f by 
write UCG rc P roscntod *>y the angle 0, wo may 



HAHMONIO OUHHMNT, IMI'KIUNOK \>ft 

where 7 in tho maximum viiluo of i. If tho nircuit htm u 
rowHtnmiO A* and nn iiulucdanco /,, and in not complicated 
by capacity or niiiliiuil indiK'.t.auw, ami iuuludoH no nmlnru 
or sourooH of o.in.f., OInn'H law inodiCuHl for vaiying cunxiiiiH 

glTCH 

i'^ A'i-|' /, .:.-. /'/ (10H (it/. 

I// 

Sul)Hl;i(;uiiug Urn viiluo for t, us f-'ivnu uhovo, in (,1m land 
iion, wo ohl,n.in 



If thm (iquul.ioiL !H l,nu for any and all tiling, il; in 
dmit that 



From tln'H it follows Uutl. Mu; nnxt munition is truo, 

A'((!OH wM'/Hill wO/i' ! '"W/(t!HH (ll,--(i) | /.sin ( W |!. 



and ronuMnhorniK Mud, /- . ..... 1, wt; havo l.y Hiuiplo t 

fonnaliioiiK 



itutinf!; Um oxponniiUul for l,iin (!oninii and Hino oxpron 

910)1, WO llltVO 



Tho diagram (Kig. (i) H!H)\VH 1,1m ndaLidiw 
oxproHtwd ly thn otiuatioiiH, Tho i)rojn<;tioii of ft (m th'n 
horizontal nxm (iixw of roal vahuw) (i<iualn thn mim of tlm 
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projections of III uiul jl^f. m .xpivHH.l by U <-nrlir 

equation, 



fl/RUB(wl-0), it in evident Unit 1-lui Iriun-ln in ti ri f .-;l 

.1^1 1 




trimiglo. 1 By gnomobvy w Limn liivvd for Mm iniiKniUnlt( 

involved, 



and 



This ratio botwoon K tind / in cnllnd Llui inipcduncfn of Mi 
circuit and, in Llio oxtiuimnn of Olnn'H law In iilloriinlin 
ourrontB, playH tho part thill, rdHiHtiiniiti Unas for dii-oc 
curronts. Imptidamjo IH iiwrnsunid in itluim, junt tin Mmntf 
it woro a roal viimHtancc), 

In n similtir way from tlio nnifui'iii oinuilm 1 Cm-mull 
wo havo 
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The complex constant R + jLai is also called tho impedance 
of the circuit. It evidently has for magnitude Vltf + LW, 
and as an operator rotates an associated quantity counter- 

_i ^ j((J 
clockwise through an angle 0, equal to tan . 

It is perfectly evident that H, w and L are all real 
quantities and Unit It and Lt do not in fact have any 
quarter-phase relation. To express tho prowl relation 
between ,/i 1 and / and between 7? and /, we merely assume 
the existence of a physicjvl_qmmtity called an impedance, 
which we express us VlP+tfto* or R+jLto in the two 
oases respectively. This is simply a case of the end justi- 
fying the means. It is evident, however, that the investi- 
gation of tho relation between M and / (either effective- 
or maximum values) has been perfectly general, i.e., no> 
apecial values have been assumed for any of these quantities. 
We may therefore fearlessly deal with impedances just 
as though resistances and reactances (as we designate 
products' like La} had in fact perpendicular (or quarter- 
period difference) relations It must, however, be kept m 
mind that we are considering simple harmonic quantities 
and that for other quantities other results follow. 

21. I/it us now consider tin; case of a simple circuit 
with simple harmonic e.m.f. and constant resistance R, 
inductance L and capacity C all iu series, AH is well 
known, after a reasonable Limo tho current reaches its 
harmonic state and may be expressed as before by the 
formula 

i--~l cos ((ot0). 

Ohm's law extended to variable conditions gives for tho 
o.m.f., 

fl ]S cos tol - Ri -I- / -I- irff 
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Sul),Htituting tho viiluo nf i t wo luwo 



If, CAM (t.)t~0) >] h( l >----- i -'. t tnt~0-[- 
<<" '- 



"It is ovidtml; Mint t;hn (miiHl'.anl; K must )xi iiiM't), 
tho Hoottiid nioiiilHM 1 of llit! (Munition ia not Himplo 
Wo thri)fi)i't! havo 




Km. 7. 



This nqimbion in HIustrattMl by Vis. 7. 'J'lin projoiHiinitH of 
the sldoti of tho trinnpiln on tho hori^outul linn tiro ovidontly 



mid 



Tho trianglo in undomtood to 1m in 

rotntiou about thn point 0, witli nn menhir vnlcmity- c>, 

From tho trinnglo it is ovidont that 



: imd 



HARMONIC CURRENT, IMPEDANCE 



The reactance, of the circuit is Lu^. In ease ^>^ 
the angle becomes negative, na shown by the diagram 
(Fig S) but the form of tho equation remains unchanged. 
If we consider the projections of the sides of tho triangle* 
on a vertical line, wo have 




Pin. 8. 



Combining those two equations wo have, remembering 

7~ 

that e * y, 



Tho factor 



and it9 



i + (jr, w _ * ] are called tho impedance of tho circuit. 

OWy 
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They play tho Hiinio rolo an tho rrawtanoo in th Wlso of 
unvarying eurrontn for whiuli Dr. Ohm fw'imilutwl his 
ruin, known us Olnn'i-i law. ',1'h in I'aotor (in oil-hoc form) is 
tho ratio botwoon wmplo harmonic o.m.f. and (>m'r<mt 
anil may ]>o uwul fonrlctisly in liiiilin;;- Uio vnlun of |,| l( ] 
(iiiminli with known d.in.f. iinil WM nrmi. .]\\ j|,n ( . ( )in- 
plnx form impndanw iiulinaU'n not only (,lu> iiuitfnitiKlo of 
(Jus ratio, but iilno Mm fnnl. l.linl 1 . (Jin (iiin'tml, la^'M buhind 
tlio n.ni.f. by an au^ln 0, whonn iiui^cnl, in KxjiriiHHtul Ity tho 
formula, 




Thin luj; luM'.onutH a Inmliiifi; niij'jo if !,<,> '- -. 

f '<<> 
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22, Tim foroKoinp; inotluxl may bn UMIU! for tunmitH in 
whidh two (!lotnmu)l,ivn forww of dilfonml, jiluiHo urn in 
Hori(w with n known impudanrn, or for dividnd nii'(!iiitn in 
which tho dimml, in dilTmuil; branrhcH IIUM dilTitnutl. pluiwiH. 

An im oxamplo of thu former, juippotio a oiniiiit, of 

rOHlHtlUHK) H lUUl Hl(l(,HlH!(> L<H t ilKtllllll'tl I.WO ('llHll.l'OllloliivO 

forcim in Horinn, tho nocond lii^cinn; hcliind tho (mit by a 
phaso difforonoo 0. It in n.-wiimi^d Mial, tlio fniquoiKiy in 
tho Hiimo for both. Tho dombiiiod o.m.f. nxpronMod in u 
uniform cmnilar formula in 



- ^'[E I -\-ttx KOH 0-- /A', Hill flj. 
Lot ua nsBinuo thnli tun O'^-.-, 1 '^ -^ .,. , m .l dcriv 

ftl-h/lfll!OHtf 



VIVO dOlTO- 
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spending values for sin 0' and cos 0'. Wo then shall Imvo 



Ji 1 ==?'"' (cos 0' /Kin 0')Vl$\*-\-.Kv? -\~213 iH'i <'<->s 

= j'M"0') 



and 



Tlio impodance of the circuit IB R -\-jLu, and it produc-os 
a Ing tf" in tho cun-cnt bohind tin 1 , combined o.m.f. Tim 

value of 0" iti tan" 1 -. AVo Imvo ulno tho rohition 



Thoroforo tho (juri-cnit i 




Example. AHBUITIO 7i'i1000 voltH, 7 2 1200 
= G() , ^-12 ohmw, /vw=-fi ohnw, to find /7', 0", /, and A'. 
swer. ()' - tau~ l ((.(Him, tf" tiur 1 -jfj, / - 14(1,70 amp., 



Tho diagram (Fig. 0) inditsatcH gniphicully tho mag- 
nitudes and phase relations of JS\ t tt% and 33 and tho phase 



rolntinn of 7. Tim rnmml; i, plnUnl (, u dil'fomnt ncalo 
howovur, Lo uvmd confutum] in |,| m diagram. Tim wlmln 
(hRrni is undri-Mtnud In rnl,,il,n miinlnr- ( .|. 1(! k w i H( , almul 
wit!, an uiiKulnr vnlniuty <, '>uf, wlm,./,'* (,l ln r,v (1 u, IU 'v 
((syclcMpoi-Hmmd) ol 1 tlMMi.in.r.'H. ' 

PRODLKM OF A DIVIDED CIRCUIT 

Sail. Tim prohloin of a divided rimiil, i.-, MS Fo]|m vf) . 
AHHUIIIO tin o.m.f. .ft 1 | H it,wc<-ii junrl.i.m puintM r u .lividnl 
ciniuit, in oiio limiirli of Mm itirttnif. a iVHinl.niHm ./,', ' a 
rmiotunwi /v, W| and a iMirn-ni /,, in |,|,,. (t (,| H , r i H . nll(lll Him j 1(lp 




Km, HI. 



qunntitioH lt ai f izlit and / a , atid'u iMimml, / in Mm undivided 
part oUho ciroiiit. Tim umm^monl, of ,,| 1( , t , imiit IH 1W 



( . , , ,,. (!U w 

miown in tho diagram of rniiimiiliuiiM (Fi/v ID). Lot 
tftko M kjwwn qumitiMiw, /,, /,!,, f J(W , /,', a ,,d y^,,,, HUll 
lot us find A', 7j, and /, bnffnllir with tlio plinw ji 



Lot us write ^air ,, m | # a ,.,ti m -i ', 

T , /l > ^y 

Lot UB QHRumo Urn plmno of /, !, | tl , u w) Htandm-d. 
Wo havo then 
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and _ 

E = I l Vlt l * + L 1 *w*. 

E is ahead of h in plmHo by tho anglo Q\. In a similar 
way wo luivo 

tt= (Ra + jT^lz - eWtVJl^ + L'fw*, 
and 

K = Tz^TW+J'^M* 

Tho phase of 7 2 is behind that of / by tho anglo 0$. Com- 
bining the oquationtt for J!?, wo obtain tho relation bntweon 
7 2 and /i as follows: 



whero A i written for tho oxproswion 

and 

r 
72 a 

l z is ahead of /i in phaso by tho anglo Q\~0<>. Tho 
whole ourront /, that i tho ourrout in tho undivided 
portion of tho oirduit, in 

J^/^hfa^/ia-he^-^M). 

Separating roal and imaginary parts of /, wo liavo 
/~/i(l-|-A eos (fli-^a) -l-j'A win (0i~0a)). 
Writing 



and deriving tho valutin of sin (h and OOH /?, wo obtain 
J - J^OOH tf -I- / Hin 9 ) 



or 

and 
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Tim plniHo of / lomlH Mm plniso of /, |, y (,], (l]H 
0|-fl. It !H nviMiuil, 1.1ml, pm-woly Mm minin oq,ml;im 1M 
would Imvo IxHMt mndmd if, inroad of n.HHurnin K /, t() j n , 

klHtWll, WO Jlllll llHHUMKld ImmvllMl;';n (|f /^ /., (, f fj,| ^ 

o(|Hiil,imw would nimply J mV ( IIMIML dni-iynd iu n (lil' 



ilfi, AHHHIIIO 



Kill 



A', / a and / 11.1,1(1 Mm pliano t'olalionfi. 

AiiHWvrn, I'!- -fiiilU), /.,: .'.Hl.M.'W / . I^.US I) 
<)> ; tan ''I- .-1,7', //, 'l.iui ' (MKHtflW :r i -li)' |S". 





$24. Tim jwiblom nf a tlividod niir.uil, is iiItiM(,ml,.> 
graphically in Llui (lia K minH (Ki^. 1 1 mul la). Tim .lia 
jHuHtmto a pnihlnm in wl.i.-h 1,1m roHinf-iiiuin nf Mm 
bramih m tlmm tinuw Mm n.urhinon, whilo in M,n w 
branoh wwiHtiuioo mid I-HO| ( IIIH!O uro dqiial. Kruni Mm 
former diagram (1% II) (,], (U n,f. A 1 inny bo ilotnnniiuul 
m tornm of 7,! ]f /,, W( mu l f,, Af|.nr A' in doKirniiiio.!, Urn 
diagram rurawliOH tho moaiw of lindinj.- ,/,, (m ,l Urn whin 
"I /a may 1m ilntonniimd. Tim laM,or tliu K mnt (I.'i K . m) 
Hhcmj tltt rdivta f /,, /. and /. In UHH /, in <lmwn 
parallol to A,/ t of tho o|,hor diap-iuM, and in MM, HH.MO Wliy 
h w parallol to &J 9 . Tim <liagonal rnpnimmtH / Lo Mm 
aamo H calo as /, and 7 a . Jf t h dlagmirw uro drawn oiwo- 
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fully to scale they are an excellent check on. the accuracy 
of the analytical solution, though it is evident that the 
analytical method mimt bo more accurate if carried through 
without error. 

In both the case of scries circuits . and that of divided 
circuits it is possible that the quantities to bo added may 
differ in phase by largo angles and the total (so called) 
of the e.m.f. or current, in the different cases respectively 
may be less than either component. This is the case in 
a scries circuit including a motor and a generator, which 




I'm. 12. 



in practical cases are nearly opposite in phase, or with 
condensers and inductances in series. This is truo also 
of currents in a divided circuit, one branch having inductance 
and the other capacity. 



RESOLUTION INTO COMPONENTS 

25. Instead of indicating the o.m.f. and current as 
projections of uniform circular quantities expressed in mag- 
nitude and plutso (the latter us a function of the time), 
wo may express the circular quantities at the particular 
instant in terms of their real and imaginary components. 
Lot AVI-j'/J/a ropresonl; the circular quantity whoso 
magnitude \/Efi-\-'tt$ is the effective value of the e.m.f. 
The instantaneous value of the e.in.f, is x/2/i'i, as explained 
elsewhere (19), The expression 7rl-// 3 in the same way 
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xproHHos Uio en rixui t (ofTootivo vnlun^v'/r --./-, mu j 
iH viiluo V/i/i). W<i tlum nluill huvn 



AH tlin two (liroular quanl-il.irH urn (tt|unl in lnt|,h 
and dirootion, wo liavti tlm two m 



(HUl 



Tlui (|iianl;i( ( ion ,A'|, ./i' u , /i, /;;, may Im 
or stuno may l) jKwiUvo inul Uio i)Ut(M'M 
Wo ulmt luivo 



ami thin in uquiviilciiL in lln> two n[iiul'itnm, 



and 
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Lastly we have 



and from this it follows that 

J\i 

and 



Should tho circuit bo non-inductive, wo Hhall have 
/_, = () with corresponding changes in the formuhu. If tlioro 
in no capacity in tho circuit, wo must not fiHtiumn C oqual 
to KOVO; for a condimKor with mm capacity motin.s an 
open circuit. Wo niunt in(;oad Hiinply rouiovo tho term 

- , It in mtomsting to noto that this comoH to tlio samo 
CM 

i-oHult ftH if tins capacity had liocomo infinite; in which 
caso a finite chargis (tinin int(igral of tho current) would 
not caiiKo an tippnic,ia.blo potential dilToronco I.Kitwotni con- 
tcrmhwH That in, tlio condcnwir will not intcr- 
Hc any direct or countor o.in.f. in tho circuit. 
2ti. Tho problem of HOFIOH oirouitn with nioro than ono 
o.m.f., roHistimco, imluotiuiuo, and capacity IH to bo Holvtid 

by using S/i^, ^./^, 53/i, i3Z/w, and il-- in pluco of tho 

singlo quantities. 

Tho problem of divided circuits IH treated in an anal- 
ogoiiH way to tho divided circuit problem ( 2;i, 24), which 

wo havo already considered, by substituting L {( -' in 

C i co 

place of LIM for the first branch and substituting cor- 
responding oxproMnionn for L^M, otc., in tho other branches. 
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USE OF A SYMMETRICAL PAIR OF TRIANGLES 

27. To roproHont tho o.m.f. hy a pnir of uniform cir- 
cular motions, in tin-tun of (.Ix; tuiiTtml,, riwinl.nuw), ami 
roactanco, UH oxpraswsd hy Un) 




Km. i:t. 



wo may mako un of IAVO LriiuiKliw rovulviiif; in nppoml;o 
sciiHO with angular v(iUtitil,it<H w ami iil\\ T ayn Hynumilj-iiial 
with i-OHpoct to tins hiH'i/.onUil Hun (Ki^;, III). Whiln lliiw 
niodo of rapwiHtmliutf a niuipln Imritioiiid ([iianl.il,y is ouiu- 
ploto and has no paiin to bo rujwsttul, it in ovMnMlJy too 
for gouorul imuoptnuuo and UBO hy oj 



CHAPTER V 
PRODUCT OF TWO HARMONIC QUANTITIES 

28. Lot UH now consider tho product of hurnionic 
quantities and in parfciuulur the power of an electric cir- 
cuit, tho product of current and oloutromotivo force. It 
will bo neon in femoral that tho product of two simple 
harmonic quantities in not itimple harniouiii,lmt compound 
harmonic, In tho particular uano of gi-oatoHt inloront to UH, 
that ia electric power, tho product may bo resolved into a 
constant phw a simple hivrmonics quantity of doublu fro- 
qnoncy. It him lioon Hliown (larlitir that if two complex 
oxpniHHionH bo nmltipliod, tho pi-oduot will bo complex. 
For oxamplo tho product of 



nn 



/l-=(eos 0-|-y win 0)R anil 7^(ei 

A-/>'-(COH (tf-h/0-l-yHin(0 

In general the rulo of multiplication is UH follows: The 
product has a magnitude equal to tho product of tho mag- 
nitudoH of tho factors, and makes an angle with the axm 
of reals o<iual to tho HUIU of the angles made by tho factors 
with that axis. If Lho factors are uniform circular iu 
form and functions of tho tiiuo I ami angular velocities 
oji and w a us follows: 

]i~* (c,os M-il -\"j H!U o)aO |V >'/ 



40 REVOLVING VECTORS 

the product is 



a result which indicates that the product lias a magnitude 
equal to tho product of tho magnitudes of tho factors and 
an angular velocity equal to the sum of those of tho factors. 
If wi equals 2| the product has an angular velocity twice 
as great as tho factors. 

29. For tho sake of a rcthdio ad ubsurditm let us 
assume that the power of ivu electric circuit may ho obtained 
from such a product of two uniform circular expressions 
for current and e.m.f. as follows: 

/-(cos (id-()} -|-/sin 

.# (cos Ml-\-'}m\ (ut)H, 
and 

- 0) -I-/ sin ( 



Tho product El is a uniform circular quantity of double 
frequency, as shown by tho factor ('Jwi-0), and hoa an 
average value mm for itu projection on tho axin of reals. 
This product evidently IH not power, for the power of an 
electric circuit has in general an average value different 
from 



POWER IN SIMPLE CIRCUITS 

30. Let us now take tho similar simplo harmonic 
expressions for current and e.m.f. in terms of effective 
values of / and E; 

/ \/') 

i = V27 cos ((olO) ^,^.p,/( /Cw(--o).|. a -i(w(~fl)) 
6 

c= V'2E cos (oL~'-.--K(i">tj, e ~itae\. 
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By multiplication wo obtain tho powor p, with average 
valuo P } 

p ui 'ZEI COH cut -cos (tot O) 

EL ... 



Tins oxpi-oHHion shows that tho iiiHtnntanooiiB valuo of 
tho powor in equal to a constant P plus a simple har- 

monio quantity cos (Swi-fl) of twice tho froquoncy 

of tho cumjiit and tho o.m.f. Thin may bo oxpmssocl in 
oirauhu^form provided tho origin 0' bo takon oocontrio 
to tho cirulo. 




I'm. l-l. 



Tho diagram (Fig, .14) oxpi-osHOH tho powor in circular 
form. Tho instantaneous valuo, p, of tho powor is oxprasBod 
by tho diatanoo and BOIISO of O'Q. Tho maximum value 
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of tlio powor i O'Q,, and thn iiiiniitiuin (m^ulivo maxi- 
mum) JH O'Qx. AH V cannot, Im Ki'nal.or Minn A7, luul may 
only oqiml AY whim in y,wn, [,\w puinl. (/ mimt not bo 
cxtorior to tlio uinilti. Thu itintulnr foniuilu in UH 



\vhoro -// ilonotoH nn wcc.nlrir. iniil'onn din-iilar ([uau(,i|,y 
niudo up of a (ioiiHl.nnl- /' ami Llin cnmrnlrii; unilunu dr- 
cular (itituiliiLy [KI\. 

;il, .11; in intriVHiin^ Ut unit how J)r. StninnirU hy 
iatroduiiiiiK mi arl)il,nu-y inrMnuI of iiiiill.ipiic.ulioH !H ahlo 
to olitain tlm iivuni^o vnluit of l.ho pitwisr fi'tun l,ho circular 
funnuhi) ((ioni'iiiitrid) for /'/' iiiul /, Ho miyn ': 



".Kor UKI doultln fnuiuouuy vcdLnr /', /- . |-| or 
1100 rolul.ion uiul /xi' / anil I X/ ; - /, Tlmt w 
inull-iplif^aUon hy / ruviti'MPM Uui Hi;-!!, 1 ' . , , 
Applying ]UH niln wo olihviu ilir rorivnt roHiilt IIM follo\vu: 



7'-=(l!OH (w/-fl)-|-/Hih (,/ 

!OH (w(-fl)-|-Hin w/niu (o*/ ..... II) 



Tin) nuil onmpommt of tlut pntilimt A'f in Mm powor 
7s7coHtf (avuriiKo valuo), tlio iniuginiu-y coiuponniili in Urn 
wMjiillod wuttltsHH roniponnnli of l\w powor A7 win (? in 
nmgnitiidn. 

It may )m urRtnl in ohjontion to thin nuH.lind of obtamiiig 
powor, that whilo tlio nml part of |,ho |ii'odun(, in lilio 
avoi'ftRo valuo of tho pow<u', wo numb Lukn tlm wholo mug- 

'HtolnmoU, Alter tinting Current 1'luwntinwn, ltd ittltliiui p. IfiL. 
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nituclo of the factors for effective values of the e.m.f. and 
current, niul the real parts of these factors must be mul- 

tiplied by V'2 to givo tho instantaneous values of these 
quantities. 

32. Another arbitrary method of combining o.m.f. and 
current to obtain power is a.s follows : Let the c.m.f. and 
current, bo represented in effective value by tho magnitudes 
of tho complex quantities, 

7? =/i'i -hA'a^ (HOH tol~\- win wt13 



We know from previous proof that tho average value 

F 
of the power 7 J in P=7<,7cos0, also that -~ = cna tat, 

& 

/'* I L 

~------m\ail } -'-^OOH (dit0), ~~=>Hm (tolff) and that 

./i/ / / 

cos fl^coH (oj/)cos (wl~ 0)-\-m wi-sin (iot 0). 
It therefore follows Unit 

7-a/i -\~.K- i I a '=*]$I COH (? (a ooiifltant). 

As A'7 COH /? liiw a constant value, although .?[, /i' 2 , 
7i and 7^ ai-e all variables, it is evident that we shall obtain 
the correct result for average value of the power if wo 
take the values of these variables at any ono time, 

Wo therefore havo as an arbitrary rulo to obtain tho 
average valuo of tho power: multiply the real parts of 
o.m.f. and current, and the imaginary parts, ignoring tho 
j- and add the products. 

TluiH 



If a miiuiB fiign is oxproMMod in omi of tho Fiietors it must 
not bo ignored. For oxunfplo if wo Imvo 



tli on 



If wo Imvn n circuit including a motor wluwo o. n , f ,' u 
gonovnl opposoH tho ourrunt, w htivn for oxnni|>l 



If wo have two niimiH HigiiH thoy niusl, l,n|,h l, 
for oxumplo 

A' ft 1 ! -/A',, 



, 
oto. 

It HI ovitlont that bh al.ovo oxiunplnH am not ox 
ol i-oiil inultipHoation of m,rron(; and O . nit f. 'n 
moroly tho oxpronmou <f H r i ( , fm . | illl|ing , IV( , 

whoro tho o.m.f. and cummt nro knnwn in umKniU.do and 
phaao i-olutioii. 

83. Tlio ftbovo PI-OOOHH IM not (mwily nivormxl; for if 



and 

!N of * 



ing / t and 7 3 known, it in ovid.mt tlmt thoro 



n . - 

of A X and 13* cnn only ho found whon num. data 
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are given. It suffices when is known. We have had 
the known relation P^JHI cos 0, and it may bo shown that 



and 



111 those formula) (7 in the angle of lag of the current 
behind the o.in.f. If in taken m tho unglo of load, the 
torniH involving tan inimt be altuitid accordingly. 

It is on thti whole nioro HatiHfaoliory to UBO another 
method and find directly from tho relations, 



and 

/-/(eon (tol-ff)+jnm (Mi-Q)}, 
tho rosulfc, 

]> 

7i'=-- (cos wfH-j Hin wi). 
/ mm y 



POWER IN CIRCUITS OF MORE THAN ONE PHASE 

34. Tho power in oil-units of moro than ono phimn 
may bo obtained by nitnplo addition, whetlier we are 
dealing with iuHtiuiUnumiH or average vahiew. An inter- 
e.sting OUHO JH tltat of balamuid innuiitfi liaving two, three 
or nioro plmmw; for in every (sawt of oirouitH of more than 
ono pi WHO the power in iioiiHtiint during the wholo (sylo 
if all the onrmntH and o.in.f. 'H of tho vtirioim plumoH have 
etninl offootivo valnen reHpootivoly, and if tho phase dif- 

!JOO 
foroiuios from oaoh to the noxt equals , whoro n ia the 

71 

number of phaHOH. Tho fcwo-phnMo cmniit follown tho 
samo rulo, though it duos not i:oino under the above 



' .KVOIA'.IN(! VMCTOKN 

Ht.itoin.mt nf pi,,*,, .lilTnrr.u,,; fur in it Wn ] um , ( - . 
val of i)0" mul (.!, nuxt L>70. ' 



BALANCED TWO-PHASE CIRCUIT 

jar, ixaiu, uk u, imi,,,,,,,! i w ,- Ilh , IHI , ^^ flwt 

1 U..IH Hm H 



H 



, r nt , hwtH 

,',, , mnmmi(! 

" m<1 



of 



(,|,o vnrinhh, JIllPt of U K , IH ) W r will 
nm,,, ,,f 7r , | )W1M ..... V(T - H 
fiuiioy vn,nahl ( , Wn t | Hm)fnni H|II|II , mvu fnp 
?> 2| (-hi) powor of (.ho two lmnrH 



imil 



BALANCED THRlSE-WiASlli CIRCUIT 
30. For a Iminuml thnwi-phHw, oirwiifc wn Hlmll Jutvo, 
if tho phiwn iiiturviilH urn ia() .-j.'"" 



antl 



BALANCED FOUR-PHASE CIRCUIT '47 

It is evident that the variable parts of p annul one 
another, for they may be represented as the projections 
of the three nidus of an equilateral triangle, encli side 
equal to ffl in magnitude and the first side making an 
angle with the line on which they are projected equal to 
2wl~0. It IK well known that the Hum of the projections 
of the sides of any closed polygon is zero. This relation 
is illustrated by tho diagram (Mg. 15), 




BALANCED FOUR-PHASE CIRCUIT 

87. Tho four-phase CIIHO in, in a mmilar way, nhowu 
to havo constant power. Or it may hn looked upon an two 
pairo of Indimml two-pliane, each ]tnir us nhown above 
having eonntant powtu. Therefore tho Hum of all four has 
constant powei 1 . 



4S BKVOLVJNU VJ'ICTOUH 

BALANCED SIX-PHASE CIRCUIT 
38. Tho six-pliiwn cane in evidently a onao of two 
balanced throo-phoHO HyHtoins. Tho variable part may 1, 
^presented by tho projections of the mdoH of a.u equilateral 
triangle ouch being taken twice. Tho power of tho 
and tho whole are 



- /J//(oH -I- ()H (L' 



BALANCED POLYPHASE CIRCUITS IN GENERAL 
80. If Uim-o nni an odd mnnhor of phi W()H , mom l;h,m 
throe, tho vuriiiblo pail of tho pouw in ropiiiMoiitotl by 




Km. in. 

tho projection of tho linen of a Htar-nlmped diagram whinh 
IB m all mm a clomd figure with a total of * ( ,m for tho 
projections, The fivo-phuHo OHHO will miflu>o for illustra- 
tion (Ing. 10). For live plmm* tho progruHHive interval 
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is f7r = 72 for current and o.m.f. and ^r=144 for the 
variabln part of the power. The power of the various 
phases a,ad the total arc as follows: 



+ uoa 

+ COH 



s 0-hcos 



Tho oHwmfcrin circsular diagram for the power of a 
balanced polyphase system of n phases roduooH evidontly 




Kin. 17. 
to a horizontal line of length nttl cos and a closed regular 

7? 

polygon of ~ sides witli each side taken twice if n is oven, 

or a regular star of n sides if n is odd. The diagram (Fig. 
17) illustrates an eight-phase balanced system, in which 



50 



tlio instmitniHKiuH powor M a <:< 

'V<!i' i)l' each ,s(!pnrn.l,o 
of (,li c.oi'r 



; quantity 7' 
vnriiihlo pad; .[' t,h<> ' 



nf 



l>w 



, ii((>n.(>{. 

In il)' Hinim way Mm ( |ii, Km iii (|.'i K . IS) n^m^.n^ HIP 
ur oJ u nvti-idiiiHt) biiliuu.'()(l H.VHl,nin. An Iml'di-d, tin- 








\M\WV in ...n.slm,!, for |J I( , HI VH|.OIH ( l.hn variuMn 

piirt ol Urn p wt(r (I f |,|, ( , !,,,(, ,,[ H , (nit] ,,, roim(Hontu( , 

by tho i)mj(!t!l.ion.H ..I' Mm |i n ,. H O f Mm (ivn-pniiil,!!,! ntur. 

UNBALANCKD POLYPHASE CIRCUITS 
'10. Wliilo iii K( . mirtl i w , ,, x|)l)| , ( . (ihn |inW(M . |n)in (i(m _ 
stunt only in biiluiujod HyniuH.nVnl pulypliann (nr Lxv- or 




iH, it JH (wi.l.mt that any 
hayo octant pow.r if Ulo uommlrio ^ 



will 
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gives a closed figure for tho variable parts of the separate 
phases. As a rulo unbalanced polyphase systems do not 
givo a closed figure for tho variable parts of the eccentric 
circular diagram. 

Tho diagram (Fig. 10) illustrates the power of an un- 
balanced three-phase system for which P, the average 
value of the power, is represented by Q0\, 

The maximum value of p is 00 2 and tho minimum 
is 00 ;i . 



OUAI'TKH VI 
NOW-HARMONIC CURRENTS 

. Tho mothod of revolving voirtnro has i 
tiorts to oanort of mirnmtH which aro iml; Imrinoiiiu 
in tho Htrioli wmso of tho word. Tho (WHOM which wo Hliull 
lioi-o invoHtiKiito avo, ,/ir.s'/, tho oscillatory dischar^o of a mm- 
tloiiHiir, Kreuml, iLa noii-oHoilluLory ilim'.iuiro and lliini, |;ho 
curi-out following tho doHiiiA' of u dinniil; in which tho o!n, [' 
in Hinipln hiinuonio. In Him |HH(I imsti ii; I'M woll known that 
tho ouvront I'H not Juirnionif!, lm(, IIH limo Ktm , m 
moro nnd moro nonrly to Iiarniouiii 



OSCILLATORY DISCHARGE OF A CONBKNSER 

42. Kiwi; lot as mjiiHidoi- tlio oscillatory (liwshurKO of 
a ooiulonHor. Lot tho capacity of tho romliiimnr ho ropro- 
Hcntod by 0, tho o.ni.f. to whii^ it in nhai^ul by A' whon 
tho oirouit in about to bo ohwod, and by at. hU.or tiiniw 

Lt tho (UllTOllt 1)0 llldioiltod by i f tho I'OHiHtlUHJO Of tlld 

wrcuib by U and tho iudm'.fcamio by L. It will bo iimmnod 
tint C, H, and L avo all isonHtimtH. Wo nlmll havo an 
tho form of Ohm'H law applicable to variablo 



or 
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Differentiating this expression wo have, after rearranging 
the terms 

^-H-AC^+i-0. 
This equation has two solutions, each of the form 



where AT and a are constants to be determined. The con- 
stant K depends on E n , an will he shown later, and cannot 
tie found from the differential equation in its latter form. 
The values of n: are, however, to lie found; for substituting 
i~=AV'"*, we obtain 



(n: W ~ <a^|- J ) AY v<M). 

We shall aHHiiuio that the {iin-nnit i, wliich equals Ks~ at t 
in not Koro in genei'al. Wo thoraforo have 



(V ^ ( fi+^. c ~.W- ?' 
and 



or 



The general Holution for i may inoludo both values for 
and ilifforent values for /C whioh wo shall designate by 
A"i anil A'-j. The oquntion for tho ourront is then 



! VI'XTOHK 



AH it, in nvidmit thai; lit tlm limu < nf cliwiiif.- tho i\\ v 
/- () iiinl /' =0, wu nlnd! Imvn thcrcinm 



\-\v, or 

and 



If (vi uiul (v y nro nm! (|iiiiiiiilit'n, nil ii 
thin (^niiil.iun will nhow 1.1ml, llm (ninvnl. will Hl,nrt 
vnluo xtM'ii, ri.'Ki l.n n IIUIM'IUUIII, HIM! full nil 1 luUir lo Hi n , 
tunl Hiiuilldi 1 viiliicH wil.linul- ixivdi'sul nf i;rn , m ,l ], ( , 
/.!ni only nfLid 1 IUL in(iiiil.<i Linin IIIIH ('InpHcil. This condj 
I'M o.\j)ifKW!il hy tliii itn((jinilil,y f {''(.' :--\ I If on tho Ol 
luuul Vi"-'(,'<.|/v, if, in dvuloul, Muit n'i niitl <{_> nn\ ti 
(|iiiinti(.i(!s MM fnlluwn: 



/' />' 

"'a/r^^r-- 1 - ,/ 

luivt! 



(Idiivorl.irif!; tlm i\|inii((ii|.mtH witli iinn^iiuiry mdin-u 
siui! uiul I'.oMinn UtmiH, mid ntiiiiHiiln-riiig tliul, in thin 
tiiuilur CIIHO Llio diirnmt tnnwt Im /urn wlinn ( is am-n 
hitvn 



Tim poricid of tlui oMritliitiim of tint diMiilmrgd (or 
rout) in 
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Tf If? w Hnmll in dompariHOJi with ~, tho period is 



7' Sx \/L(} (iij Jproxhrmtttly) , 

With lai'Kor vuluoH of R tho period in increased until 

wliou R oipnilH 2 I- 1 -, tho poriod IKKJOUIOS influito. If R 2 
V<< 

1 'l'/"v , ,. , 

IH M't't'iL' 11 " 1 ('him ~ T tho (liHcslwrgo IH aporiodio (without a 



porioil), (iorrnHpundiiiK to th nurlior fonnulu. 

J-tit im now iuvd-sfcifriUiii <;, tluj li.ui.f. which equals tho 
poloiiLiid dilToroiiuu butwiuni condunmir tormiuiilH. Wo have 

l.ho rolittiou 



'til' 
iiif!,' tho vuluo of i MH ^ivoii ahovo, wo Imvo 



' Hin 



Wri I'-iiiK, to Hiinplify tlio oxproHHion, tan <7 v/>r>7*~^ 

V-o 



I/* w / 
-A\ -s ^*H 



wo IHIVO 



AH on cloniti^ tho (drouib (t.c., i~0) wo had /!/o = c, wo 
ol)tii.in an tho viiluo of Uio constant K', 
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and 

c = 



UPC 

* i 

and 






-t , Hi \'\L A 
e 2T ' sin (nr^/TwT*-!)' 
\2Yv-V A-C / 




If Jv! 2 is small in comparison with -/, tho current for early 
oscillations is 



- 

.u 



Tho maximum valun of tho euiTont ((jnniploto oxpros- 
sion) occurs in lottt than ono-ciuartor of a period after 
closing tho circuit, at a tinui when 



m IT; 



(H 

as may bo shown by putLmg -j w\m\ to xoro. Tho mini- 
mum vftluo of j OOQUI-B half a period lator, whon tho aino 

equals- /I- -[ u i-OHiilb nlno of the aino oquation, -r 0. 
\ '''-' ' dt 

Using tho notation of i-otnting voctoi'Hwo may express 
G and i as tho real part of two oxpommtial Hpirale ./!/ and I 

s s 

as follows: 
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Tho ohiirgo of tho oondonHor is evidently 



Thin may bo written an tho real part of tho exponential 

npiwl 



43. Tho roHiiltH for i, n, and <y might lnwn Ixxin dodiificd 
in tho form of tho difforimuo of two oxponontiul 
dimutly from tho Holution, 



for if rti and <v a iwo complex l>oth /de"" 1 ' and T^e-" 1 ' avo 
oxponontiul H]jiniln. If tlui raHulb in to bo roal at oyory 
iiiKtant, it in ovidonl; that tho imaginary partH of both HpimlH 
immt bo o(|ual, whihi tho roal partH must bo oijual in irwg- 
niUido but of oppoHito wgn. It in ovidont that both npiralu 
miwb Hturt for t^O at a point for which tho roul vuluoH 
nro Koro. To Hutinfy thw condition 7Ci must bo a puro 
iinaKinavy, An wo nhall prof or to koop tho oontiuit roal, 
wo may rotich tho namo romilt by chimgins tho phiiHO of 



tho spiniU l>y an anglo -. Horn omhor ing that --/ and 

i 

e"'^'^-^ wo may writo i ua tho awn of two exponential 
Hpiraln, or 



whoro 1C ia tho magnitude of tho pure imaginary K\ as 
oxjilninod abovo. 
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Substituting tho value of i in tho equation for e, 

-/v , T fli 
e ~ J ' ll + h di> 

wo obtain 



Writing 1U1 boforo tan*-!- 1 mn 5=, i-~ 



*-- 1, mn 5=, i-~, otc., 



and remembering that lj l-^-!^ j~^L s ia wo j inyo 

\jf A (j Y A"(,i 

ftftor roniTOiiging tho terinn, 



At tho time of domng tho ommit (i.o., (=()), wo Juul 

thoroforo 



or 



and 
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Substituting the value of K in tho curlier formula, wo 
Iwvc 



,' v/7 7 in f //" r*T' ," r -\ />*< 1^' ~, *\ 1 
" n lL_. g -a/: 1 e 1 (^V/w- 1 a) +"' (afc-f^r ^ J 



and 



-um 
hill 



Tho nhai'KO of tho condonaoi 1 hns a Himiliu-fonnula, dtirivod 
from tho relation, q~vG. It in mmocfSHHiuy to writo it 
out in full. 

Tho exponential Hpii'alu for oauh oaso may bo plot tod 
in polar cnoixlinutGH, and will bo mm\ to bo in all niHixiotB 
C([uulox(iopl; that ono is right hamkul and tho other loft 
htuulod. Tho epoch anglon for tho starting points avo 
iiulicatod in tho oxponcnit. 



NON-OSCILLATORY DISCHARGE OF A CONDENSER 

44. It haw l)0on .shown above, 42 and <IU, that tho 
condition, H Z C <4/v, (!orroH[)ondH to an o.scillatory diHliarfj;o 
of tlui (ioiulonsor. If, on tho othor hand, wo hnvo p'" 
WC><\-Tj or R?C *=><&, then tho dischurgo will be 
oHcillaiory. 

Tlic general solution 



GO REVOLVING VECTORS 

in which i and a wo real, corresponds to the condition 
l$C>'\Tj' t Imt bocomoB indetorminato if 7~C=-4/~ Jf or 
rt.i~'2. Iu this latter eano wo must resort to the par- 
ticular solution 



li'h'Ht, lot us connidor tho general .solution, At the time 
of cloning tho circuit, wo have 



or 



Sulmtituthig tho vuluH of i and (v 2 , <I2, wo liavo 



If H"C-^<\L, we have from tho particular 

7C|.~0 lUUl 7\V- vl y', 

giving us a final renult 



PHENOMENA OBSERVED ON CLOSING THE CIRCUIT, 
STARTING TERM 

45, Lot im now (ionmdor tho oxpi-UHtmm for tlio enr- 
j-onb in ft cirouit which linn juHfc btiou olcwod, tho o.ni.f. 
])ing Himplo luirmonic, Aa in well known, tho (jurroiib 
will not ])0(sonio harmouio at omio, ovou though tho oloc- 
tromotivo foruo in pvoisinely harnuinio. Tho divorgonco 
from hurmonit; vnluos in oxpiussod in tho oquutiou for 
tho current by a so-onllotl " starting term," Let iw con- 
sidor ft circuit of conntant roHinlMinco R, iiiduotnuco L, 



PHENOMENA OBSERVED ON CLOSING .THE CIRCUIT Gl 

capacity C (all in scries) and a simple harmonic o.m.f. e, 
equal to E cos w. Wo have as the expression for Ohm's 
law extended to variable o.m.F. 



rli 



It is well known that in such a circuit the current 
eventually will follow a simple harmonic law. Indicating 
the starting term by <f>I, <!> being a function of the time 
I and / being tho maximum value of the current after tho 
harmonic condition is reached, wo have 



Let us substitute the value of i in tho previous equation. 
\Ve obtain 



Tho constant of integration is reserved for the last 
term. As no particular virtues have boon assumed for 

Ltu 77 
, CM , 

I or 0, it is evident that if wo write tan 0=> --- ^ nmL 

wo shall have 



T/ T 
il( e M.|-e- 



and therefore 



02 
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DilTorontiuting thu lust equation and dividing by L 
wo havo 



Wo havo already found tlio solution of an o<|uatkm of 
this form ( 413). If >\L>H & (J wo may writo at oneo 

_Ki 

(j, :~ /V '^/ 

whoro /valid ? aro hotJi real quantitioH. Thin in 
to dropping tho j- from tho expression and giving tho expo- 
nential in the bracket different fac-torn A'| and 7C a . If 
tho laLUir nuido of oxproKsion \voi'o uni'd, K\ and K- 2 would 
in fronoral bn found do bo c.oiiiplox (uiimlianl.H. 
If ltrC>'lJj the Holution for i/> Uik(M tho form 



which wo (dial! dinmiHH lator in 'IS. 

40. To dodormmo tho valuoH of K and p, wo iinwt 
know tho condition of tho dirc.uit at tho Mum it !H (slowid. 
AH wo havo idrondy amnmiod in our formula for dho nl- 
troniotivfi forco that c IN at its largoHt vnluo whou ^--O, 
or any number of eoniplcto jjoriodn later, wo cannot in 
fairness aanumo that tho timo of dimin% the circuit in 
nocoHsarily tho same, Lod 1 vm thon tako blui timo of (iloning 
tho oirouit to bo / . Lot us umnimn that tho cimdonsor was 
alroatly ohui-god to a potential /',' when jmt in circuit. 
Wo thoroforo havo tJio condition tliab 



and 



JTT 



at tho timo, fa, of cloning 
tlic circuit. 
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Indicating by </< the value of tf> when t = t 0> wo evidently 
have from the relations above, 



and 



E 



tll\t-h' 



or 



Writing, IIH in 42, 



the c(iuiiLion for UHJ Htarting term, 45, becomes 



and when ("/ wti have, 



Wo luwo also 

--aye"*'- 

dt 



1/rnm these oiiuutioiiH we obtain 



tau 



//cos 



(H REVOLVING VECTORS 

and 



2/9Z ~> 
ujw/o- 0) 



lUHl 




"U which nigu in taken for tho w\\\i\m root, 
K may bo oithor powtivo or negative. It i nimplor to 
tuko tho ptwitivo vtiliw, in wliioh CUHO ROM (/?/ H-y) in punitive 
also, If, liowoyor, tlm nogulivo valuo of K k ohoHon, 
H (/?/ -I- r) nogativo alwi, with u conHwiuont ehnngo of 
TT in tho valuo of p. Tho formula for ?- IUIH tlio 



U i poHHil)l() UIK.IOV eortain ciiXiiiuiHtanodH for tho current 
to^bo hnrnionio from tho fcinio of (jlowug tho uircuit. In 
thiH (iHHo tlio Htarting town houomoH '/.am. Thin ratjuii-CH 
that tho circuit bo cloned at tho Instant when OUH(W(-(?) 
in it(u-o, and that tho initial potential difference lietween 
condoimer tormmalH IUIH the value 

M 3S KIW Ml {} -\- Ltal urn (w/ ~tf). 

47. (.iraphioally tho currout may bo i-opi-oHoutod by 
the i-CBiiltant nf four revolving vectors made up of two 
paira. Tho (irat pair uoiiHiHtH of two uniform circular 
voctoi'H, revolving in opposite directiona with angular 
velocity w and with equal magnitudes. The aooond pair 
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consists _of Jwp exponential spirals with angular velocities 

a-. R \-l J l in opposite directions and with equal 
P~2L\tf>C 

magnitudes. . . , , , 

48. If tho rouiHtanoo of tho circuit is greater than 01 

equal to 2, fc tho starting term IOMIH its oscillatory char- 
acter, and tho formula for bocomos in the former CUBO 



where 

'i* i j*|' 1 1 _'__, und 

and 



At the tiraoj *o, of closing tho circuit, the current is 
aero and 



SubBtituting tho values at tho timo t/ , wo obtain 



Substituting in thin o<ivmtion the valuo from pnmnuH 
equation of AV-"i K a ."""oo 
havo 



J? cos 



GO 

uiul 
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cos ( w / _0) 



M c.os (w/o- 

(til <i'a)/,7 ' " 



and 
,/,, .^ 



w 



JF 7^C' (.quiilH -\L, tlio HtarLiiiK Lcmn tiik( !H a thii-cl form 



wluini A'| mul A", arn cniiHtiuiiH ilniK^ulinfv on tho conditions 
at Llm timo / of (sloHiiiK tho ninuiiL. Milking tho sumo 

IIH iHlfoiV, W(l Hllllll ftlld Lluit 



AY , e *' 



Hoi [ ," " WWII 

Jjl 



JMilm (iiimint !H to 1m liiinnonio from tho tiinn of dlowng 
tlio (iii'c.nifc, ovidontly wo nuwt havo in tins lant two CUHOB', 
IIH in i,ho iii-Ht, .!(!, 



and 
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GENERAL REMARKS 

40. It is evident also that these results for the oscil- 
latory discharge of a condenser and for tho current with 
simple harmonic o.m.f, when tho starting term m oscillatory, 
might bo expressed an the real part of an exponential 
.spiral for tho first case, and an the, real part of the sum 
of a uniform circular quantity and an exponential .spiral 

for tho .second. 

For tho oscillatory discharge, we shall have 



mid for the current when tho o.m.f. is aimpln harmonic, 



i-ronl part[/ G^yM-fl-aK.-J^^ 

In general the angular velocity /? of tho spiral will bo 
different from tho angular velocity w of the uniform cir- 
cular component. 

If p in a whole nniltiplo of M, or oven nearly so, oscil- 
latory Hurging <'f ^ u\m-m\\, of corresponding frequency 
will occur if tho o.m.f. IUIH a Imnuonic of that frequency. 



OHAPTJ'Mt VII 

COMPOUND HARMONIC CURRENT, E.M.F. AND 
POWER 

50, Periodic) cummtH (or oltmtromotivo foruon) which 
do not follow mmplo luinnoiiio lawn may ho ropronouUid by 
moans of revolving voiitorn. Tlio most ovidonl; way (if 
rupRwmting midi a (Himmt in by tlui pmjortion of a lino 
whoso longth nqunlH tho maximum vitluo of tho cinmmt, 
tho wifiii not lining considomd. Tlio aiiKiilur volodity of 
rotation may bo variiul an mqiiimd, ill; MMIOM it' uoimn.4a.iy 
boiiiR roducod to /on) or ovoti rovomul in HHIIHU. Huoii 
a motliod whilo involving no ronl dillimilby, whon viinviul 
from 11 purely mouhaninal Httimtpoinl., in fuot involve 
ooiiHidnniblo dillUiulty whon an uttoinpt in iniulo to oxpiras 
it in mathematical Hymboln, 



USE OF FOURIER SJSRIES 

fil, A bottor motliod is to roHulvo tho 
ront into a ninnbor of hiirmonio tornm. Tho 
curront, in othor ^vol l dH J may bo oxpnwsttd an a Fourier 
soriofl of tho form 



1-/0-I-V2/1 



OOH 



a OOH 3wi- (?;,) -l-Otd. '\'\Zl n WH (llwl- ,t) 1-otO. 

OS 
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If proftuTod, the Morion inuy tako tho form 

i --/() I- AI Hin w(-|-/la nhi 2(<}t-\-A :] sin 3wH-ote. 

-Mu i 

-|J/1 <!OH <(jH-/f a (JOS liJwH-A'l UOS Swi+OtC!. 



Tho wliitimiH among tho ronstantH of tlio two oqimtioiis 
ovidottL 'Pho lnM,(ir form of tlui iMpuition has for our 
liil.lo l.o (ioiiunond it, and wo shall not uso it. 
Tim I'oniKU 1 form ojqmiHMH thn ciirront an a oonHtnnt plus 
l\w Hinn of tho pnijortioiiH of linos of limgth V2/i, V2/a, 

Vli/;i, uU., x/'//,,, oto., wliorn /i, 7 2 , /:, to., / tt , oto., arc 
tlui olTticil.ivn viiluoH of tho compniumtH f>f tho otimmt. 

In ^!iiornl, (siirnniU with which w whiill clotil may bo 
rnprcHonrtid wil.h Hiilfuiionl; iijtproxiinatiou by a very limited 
iHuulu!] 1 of tiu'iim; iiml in nuwt aH(!H only the tonns of 
odd order aro jmiHimt in cumintH of oommoroial circuits. 
Tho Fourior HOIIOH in smih ciiH(ja rodiiwsH to 



-(-/Bens (. r iwJ-#fi)-|-Gto.]. 

T.ho tionniant term /<, w only pYoiwut in ciwo tho avorago 
viiluo of iJio (uiri'ont differ* from /oro. Tho terms of ovon 
onlor ni-o prommt if HimitdHHivo linlf WUVOH dilTor in anything 
but sign, pHpor nllowunoo boing mado for tho constant 
toi'in if pronimt. 

,H in ovidonli that tlio rcHiiltant revolving vector, in 
CHHOH of Him kind, in ivpi-eHtinted by a l>rokon lino, each 
part of whioli rnvolvoH with itw own proper angular velocity, 

Similar nmthodn may be imcd to express a poriodio 
n.in.f. tlwing tlio firat form we may write 



-h# 3 cos (2 

OOH ~ -OtO. *(-A'n COB 
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H in n MII mod |,lml current nnd ejn.f. have equal 
frequencies. 

jj . r >'2. This power developed in tho circuit in found by 
l.aldiif!; l,hi! product of c and i. Wo have in the product 
:i number of Uirum of Uio form 



'.i/'j (/ / r con (/W --i?,.) con 
If Wd HiilwI-iUiU) for (JinHd (iosiiio producl.s Uioir oi|iial, 
/'',[*'"H ((r 



and r(inu!inl)(!r tluil; tho HUIU of u nuiultKi 1 of nimplo luir- 
nl'itioH of tho HIUUO fi'KqiuHir.y m (mother (sim|)lo 
iic (iiiimlrity of that HIIHUI frotiunuoy, tho oxprosHiou 
for /) rodiKsoH to 

"\ 
/-/VoVl-^V^oH (d n -X H )-\-l\ oas (w(~/9i) 

' -M', COM $Mt-fa) 'I-/ 1 ;, (iOH ()W,--,9 ;j ) 



Tho uvoriigf! powi!] 1 in miido up of this consl-uiil, tor 
for tho variable turniH {iiicliidiii^ nil torniM finmtionH of 
hiivi! an nviii'ii^i! viiluo /(in). Tim uvmifi'o pownr / J in 



If, i\ i.s gonoi'iilly l-ruo of coinniomtil ciniiiits, tho o.in.f. 
nnd cumsiit uns (i]tpn>xiiuut(ily nimplti harmonic and if 
tho only harmonics pniHonl; am of odd order, (.ho expression 
for nvoniK<! power will reduce to Uireo or four Lei-inn whoso 
Hum in constant. Tho complete expression, pmcticidly con- 
.sidored, will ruducu fur tho insUutauooUH powor /> to 
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This may be expressed by an eccentric revolving vector 
whose origin is distant from tin; center of rotation by an 
aiiiounli /' 



POWER FACTOR 

fill. For 11 HI power fiuitor of mieh a circuit to bo unity, 

it is mici'ssary that tho eurnmt and o.m.f. curves bo pre- 
cisely similar, i.d., tho (turritnt at every iiiHtant must be in 
l,li<! Miuno (ixntl proportion l;o tlio c.iu.f, Mivthtiinatioully 
tMl UI'IH incHiw Unit 



mid that AI i?i, ^j^^a, fa ft-A, ('to., ^ t ~(? N , etc. tinder 
nil other rirminmlimunH Lho |m>duct of the effective values 
of nil-rent and u.ni.f. (/ and E) will oxcucd the average 
power. TliiH iniiy be wliown as follows: 

The cITodl.ivt) value / of tlui (Hiri'ent, square root of moan 
Hfjimrouf '/, is 



for as ht'foro in the expressitni for avera^ 1 power, the CI-OHH 
produrtH involving dillfoniHt fretniencH-s add nothing to the 

final t't'Hult, 

In thu samo way, tlie oITiuitivo value 7? of the o.m.f. is 



/,' ., 



Lot UH HUpiiosn the varlouH oonipojusnta of the current 
tobo in tlui proportion 

iWii/ai/aioto. ;!!::/?:?: etc., 
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and those of tlit) ts.ni.f. 



and that all thn individual power factors an! unity, -i.e., 
Ai= f Ji, k^dz, A ;i = ":i, etc,. Wo then have 



from which it folio WH that 



Canoolinp; like pliw and niinun quantitins and coinlnn 
ing tlui rtint, wo havo 



As tho right Hide of Miu cqiiatiuu in tho wiin (if 
it cannot bo nogativo, and oun lio ssoro only if iv^n\ t p = -fti, 
f-Ti, cite. Undiu- all othov oircninntanccM wo must have 
RI groator thiiu P. If tho individual power factorH im\ Ions 
than unity, Lho value of V will he Hiimllov Htill. Wn Ihoro- 
fore KCO that for the power factor of the efTecLivo 
to lio unity, tho ouritint nml o.m.f. numfc liavo 
similar form, 
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fi'l. It is well known that hysteresis modifies the form 
tin 1 euiTont; curve, no Unit it (simnot be us a rule of the 
form as Urn e.m.f. nurve. It is for this reason usually 
impossible primely to obtain unity power factor in the case 
of ii nymilmmouK motor whoso Hold has been adjusted for 
maximum poww fac-tor; for no one field excitation can 
l)i'iiiK nil iustantaneouH valuta of eunent and e.in.f . into a 
ratio. 



CHAPTKH VIII 
INTERLINKED CIRCUITS, MUTUAL INDUCTION 

55. Whim two oirwiitH uro linked toKoMwr hy menus 
of tho miiRnotio linen of I'OITO, dun to (UinvntH in both or 
oithor tiiwiit, wo nmy olworvo llui pliimoinrnnn of rlrc- 
tromotivo forotiH ihm to mutual imludUmw. T!ILH plitmom- 
ommwiwnmtolwoi-V()(.n)yJoH(i|ili llnmy. Thn phuiminrnim 
of wilf mdwitumu wiw diHuovnniil l>y M\d\nu\ l''nnuln,v ; wlio 
avo to tho world Ihu invaluiililti cioannptioii of 
of foroo to oxpluiu imluctivo pliimimH'im, 
or niuguotio in origin, 'l^u'nday wim nol. n 
pliyni(jiHt and lii ftunoiiH ixwitirnluw willi ix 
of fomi wore not approciaLtid until pul. iul. 

by Maxwell. UnforUuuiloly !'in- our \MW.I\\> 
notid torniiuoloKy, Muxwoll Haw fit to ums l\w 
UWIH of intluclwn m plw f l''ai'niliiy'M liui-n ol' 
forai wliicih wo (loininonly rtipromMit by (for 1.1 in LuLul 
iiux) and B (for Jtux pur unit imm). Mnxwi-ll ttlnti un- 
Tortunatoly p;avo tho ox]n'onHion liium nffnrtv u nnw inniuiiiiK, 
demoting by it liold Hti-onKtli, for wliicih \w UHM tlm nymll 
H (for unit tmia). Many writm-n liy ornn- \wv H In rrprc- 
Hout KavadnyV linon of forwi in iilncti'onml.ivn formi I'm- 
nnilffi. It IH ovidtmt thut c.haiiK'i *f H>i\ (0), uoMirhl 
Htrongtli (H), (totoi'iniiuw thi! inihuitivo tilmitnHiintivd frni. 
Buoh writers UHO tf to i-opiHrnout tho mirfium intt^i 1 "'** "f 
H and B imUffarmitly. Tho writiu- in ooiiipiniy with many 
othors favom holding to I''ai'iu.lay'H oxproHHion limw of ' 

to roprcBont (lux (nut field ntrangth). 

71 
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OHM'S LAW EXTENDED TO MUTUALLY INDUCTIVE 

CIRCUITS 

fid. AVhon two oloetrie circuits aro interlinked by lines 
of form, wo have a now term in tho law of Ohm (extended 
l.o variable ronditioiiH). The expression for tho clectro- 
mutivo force c.\ iinpronHoil OH tho primary circuit, designated 
by tho Hulmcripfc \, becomes 



-j. 
at 

In tlim oxpreHfn'on H( ivnd LI am tlio roBistanoo and self 
imhid-aiH'n of tho prhvmiy ooil, i\ is tho current in the 
priinnry c.irciiit, M in the mutual inductance botwoon the 
two (ureuitri and ?! u iw tho currout in the Kocondmy circuit. 
Tim o.in.f. pnxliuud in Uio Hoconclary circuit, because of 

rate of rhaii^o in tho primary circuit, is equal to jtf-Jl 

i.lL 

Jf tlin siMiimdivry tiironit iaclosod and aeurronti a if produced, 
a. jiart of tliin o.ni.f. in lont in ohmie drop of potential 

v'u/i'o nud oliii'.troinotivo forco of solf induction //a-rr, leaving 

(.IL 

iiviiiliililo at thn tri'iiiinalH tho remainder c, 2 , impressed by 
tlio HiMiomlary on iln (ixtornal circuit. Wo have then 



Tho (lilTtmMtco in tho form of the two equations is duo 
(.ollin ronvoulionul a^niemont to consider the primary o.m.f. 
to he ttfiitiicit In l-lio primary, and the wecond e.m.f, to 
bo />/>//<'// /// tho HiMiimdury. 

57. Tho primary and Kwioudary o.m.f. 'B may bo 
uxproHsed in (\\VI\M of Ftirudurfx lines of force also. Calling 
tho llux linking with the primary </n, that linking with, the 
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ry </>;>, mill tlwfc linking with 1iol.li, <j>, with num- 
niiuu vnhioH of tf ( , P a , and <P ronpnutivoly, ami dtwitfiwlihiK 
by A', and NX dho lurim of wins in tho two noilw, wo 
have 

(i IV f/ '/ )| 

' r 



\r '.! ii 

(!.,r-,.~A r -l' . ' ..... It'll*. 

lit 

If tho primary mid wcomlary ('ircuil,n won! tin dustily 

lilml. f/M^0i! : ~<A, nil li' l(W 1 ' " UN liuml ' I' 11 ' 4 w ''-' 1 
ovtiry turn of both tuiils. \Vliiln in I'nul 1 . MUM in mi ini|w- 
Hibln iwKiiiuiJliioii, wo do find it slowly uppnianliud in f^onil 
conniuii'dial tmiiKfoniuii'.s with inmloniLo ItimlH. 

5S. Tim inotluxl of fovolviii); vorlorH may bo unnl 
to nipi-OHdiit l)lm ()l(!(itroiutil-ivii fnnitw, iturnMilH iintl HUXCH. 
Tho upplicnliiim !H not diltiinilt if \.\wy follow hunnnnit! 
IIIWH. If all ai'o niinplti luinnonif!, \\v arn dcaliiij!; with an 
idiml ti'iuiHformnr. In t-hn C-UHH cif 'praiitical traiiMroniii-rn, 
wo find that ovmi if tlio ulniitroinotivo IVircim iini Hiinplo 
hannoiiii!, tho oiirnmtH and (liixt^H will follow mom wtni- 
plitiatod IUWH, 

FARADAY'S RING 

50. Lob UH oomidiM 1 tho mmplcttl form of (.riumfiiriitor, 
a Furaday rin^. Huppono tlm tiom Itnill; up of Linn MiroU 
of (ixtnimoly noft iron of lnjj;h purnmaiiility /(. We Hhnll 
iwHUinn thin pormoahility bo I to itoimtiiut I'm 1 nil vulucn of 
(/). AVo Hluvll alHo aHHitmo tlint no llu\ IMIIVHH tho rin^', 
and that tho primary and wwouihiry wimlin/.'^ have oxUriunly 
low i-OHiHtunoo, and uro HO nlono to thn riiiK and HO well 
i]itorminp[l(l that no flux oxintH onl-nidi! Llin nn^. Wo 
whull then havo an idoal tninHforiniir. Lot tho mmi ha-vo 
a permeability /t, an avorago lon^th K and u 
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A, AH before thero are N\ primary and JV 2 secondary 
|,iirnn, and Uio primary and secondary currents arc i\ and 
/;,,. .Let UH first suppose it is xuro, the condition of an 
opmi wMinndary circuit. Tin; magnetic field has heen 
wuppiiHdd to Hiitisfy tho solnnoidal condition, that all linos 
of linld iuteiiHity keep within the core, like water flowing 

in a pipe. 1 The magnetic reluctunuo of the core is -p. 
Tlui iiiagiHitoinotivo force is 



and it prnducdH in Uui corn a flux of liuon f furco (Faraday's) 



V J "" 7^' 
witli a llux iiiUumity ]>er unit o rows-sect ion of the core, 



H 1ms bcuii iHHuni(Ml Unit tho ourwint is in G.G.S. units. 
If i, in oxpnwHod in innpniiis, wo must write M/C iu tho 
jtlutin of K. in 1U cquatiiniM. 

Tho hiduiaivn nhuaroinotivo fnrw) duo to rate of change 

O f (lux w IIH bornr--jV,~-in tho pviniary, iiml -A r a ~ 



in UMJ H.HM.iidary- Wo thorofoni havo 



and 
(P , , ^.. 



I. wonlH rfflHM uml wrfflW( m-o dorlvwl from Uio Greok 
1 f i ;; i , plpn m . flhluinoll ^ n Intll to convey the Uo. 
of 11 lUix ktnipinK williiu HB oluuuiol. 
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If th<s Hocondary circuit in cloned, t/> will dopoiid 

both i'i ami i^, and wn nlmll havn 



and 



Tho conchwioiiH mur.hcd urn vidid only wlmu /< In oon- 
Htnnb mid tins Ilux Holunoidul, i.n,, Ihnro in no lonkii/^u of 
flux. 



CONCERNING LINES OK FORCE 

00. To provo tlmt it in (lux (I'Wiiday'n linen of foniii), 
not lidld strongUi (MuxwclPn linen ol' I'oirn), wliirlt ddlor- 
minoB olodtronioljvu ftu-rn, wo nitiy nonsidor two |,runn- 
fornuM'H built with iirocwoly Kindlur diiuoiiHioiiK, Ilicir only 
dirfowinco IwinjJt thai; onn lum 11 wHHnitiiimhid n.il'1, iroii 
core haviK n iinn(iuliility my IWOO, (.lit) uthcr haviiif; a 
woodmi com of jHirniOHbiliLy ]. Lui; tli,i ncdoudivrics lui 
coimoctwl to hip;h-HwiHtanwi voltinotoi-H, luit nrliurwinn Imvn 
no load. Tins Hmmdiuy oumuiliH ani ]u^li/,';ibln, (,'OIUHMIL 
tho priniaritiH of tlin two trtiiiHfnrniorH m HITICH und apply 
an o.m.f., whioh will OHUHH full Honondiiry vtildii^) in tlm 
former. Tim Howmdiuy voltn R o of the liiMor will Im . no )H) . 
of that of the fornmr, Tho t:umml,n in 1,1m !,\vo iirinnirifH 
arc aliko mid Umy product! oijiial liold Hl,n!itKl,h H in both 
ooi-OH. If it woro nitii of Held HtnuiKlJi (duin^i wliiidi 
dotormiiioH o.m.f., Uio tmiwfonmu-H wunld huvn w\m\ 
secondary voltn^tH. AVo llud on tlm contrary thiU, tho 
socondiuy volttigtia aro in thn ratio of tlm numbnr of 
Faraday's lines of Jorcti. .Kroiu thin wn conHudo Mutt it 
is B, not H, which detonniims olootrumtitivd form, 
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RATIO OF TRANSFORMATION 

01. W(! Hhowiid iu 57 that in a transformer 



Hlltl 



( ' ( / )p ! 

{-- 

tit 



Km 1 Hinnll rim-outs, ftiM nntl # a i 2 will ho small, If 
i.hoy limy 1m lu^lmUKl, nnil if Ihuni is ineligible loss of 
(lux, HO Limb wo inuy fioimidor </>i and tfa equal, wo uhtain 
tlm iipproxinmto rutin 



If ci fttllowH n'nini])l(i havinniiH! law, wo 1m vo 

7T * 

tf):-:0 CUH ((ill-- i )--<!> H\li (ill, 

nail lu^ltic.l'iii); (.ho nhinio drop H\ii and U-^, wo shall have 

('1 ; i \ / 'JK| (MIH I'll- ' N\M <I> COM till, ' 

nud 

ry A^A'a <'<IH (tnl'-x)> ~N'>i0 cosoji; 

mid linully fni 1 HIM idiml vul-io nf . trawifornmtion of oloc- 
trninnlivo Cnm'H ((sOVc-tivo viihtcH), wo nliiiU havo 



In ]irur.tii'iil tniimfoi'nuu'H tluiro in always Homo loss of 
(lux dun In iimKiwlic. Itmlaif^n, mid ttiii and U&z cannot 
lid ini}j;l!!rt,i!il, I (% nr lluwo rttiiminH tho Hiuumdary olootvo- 
iiiulivi! I'nnMi gitnornllj' fnU boluw ilH idoid vnlno. 
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(\2. In our idoal tranHformor wo luivo nssum<xl tlio 
corn well laminated uud ol' very high permeability. If 
tho MMsondaiy eimiit in open tho primary will require an 
extremely small current to produce tho iioeoHKiiry Jlux. 
Had the <ioro not IHXIII Iaminat</d, eddy currents generated 
In Liu? uti'O would .luivt! nH|uii'(Ml luorn pi-inituy (iiirnmt. 



Also Imd f-hd ])(!i'tinMiliility of l-lm ooru Ixusu low, a groulor 
mau-MdU/.iiifj; tiurront would luivn Ixion nKjuirod. 

if Uio H(!(!oin.lary is dtdivdi'in^; it normal currout, tlio 
niii^tmlii/Jiijj; olVtKii; of l.lm pi'lniury and scuondiuy 
will pnu'.tiiiully offwit otui another; for it ban IHHMI 
thiit. owinf; 1 to tlm high pci'iimiihility of tho noni, vory littlo 
iniigniili'/iiifj; rumuil 1 . i iXMiuirtMl. Tlui nia^iuiUniii/j; olTncli 
in ])rojiortionid to tho nggn^ntn ainporo-tuniH. AVo tlusro- 
foro havts i\N\ |)rai!ti(!idly (Mjiial to -^A^ at all 
or for offnctivt! valucH nol 



TRANSFORMER DIAGRAMS, LAGGING CURRENT 

OH. Tho plumn relation of mirnmt and o.ni.f., primary 
nnil Kiwondmy, (ttipondH on this tixLoriur pnrtiim of tlio 
Hoonudiny ninniit. Jf thiw portion of tin* rinuiit in a nou- 
iiithutliivo ntHiHtunco, tho Hrrutidaiy (nirnint and o.ni.f. will 
Ixi in tlm Hiinui pliasi!. Tlii! HHMIO is ti-utt ulno for any 
arriingoiniiiit giving unit powm 1 I'artor. If tlm m'noudary 
tnirmiit in out of plumo with its o.iu.f. wo may havn uilhor 
Itiiul or lag. 

in any (umn a nivolviug voc.tnr diagram may ho unoil 
to roprwnt Iho fa(.H. To ilhiNtrato a INIHO in wliich tho 
mm'ont lagH bohind thu o.ni.f., lot \w draw a lino 0(1% to 
t tho HOdonclaty ampuro-turiiH 1%N% and a lino 

/''. 

to wjpiKiHont tho Houondary voltH-por-turn - in tlusir 
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proper phase relation (Fig. 20). Draw parallel to OC 2 
a lino Ji->A-> to represent olmiie drop per secondary turn 

^12. Tlien 0/U will represent the o.m.f. per secondary 

term produced by the varying (lux. At right angles to 
OA>2 (90 i 11 advance) draw OF to repre- 
sent the flux (P. Opposite to 0/U, and 
equal to It, draw (Mi to represent tlio 
part of the applied o.m.f. required per 
turn to balance the induced o.m.f. Draw 
the lino OC\. equal and opposite to OCa 
to represent tho primary ampere-turns 
IiN\, which were assumed to equal tho 
(secondary ampere-turns. Draw the line 
A\li i parallel to 00 1 to represent tho 

primary nhmio drop per turn --W- , and 

last draw the line Olii, which represent 
the voltH-por-turu which must bo applied 
to the primary by HO me external source. 
Himilar quantities must be drawn to 
the name ncalo, but the ampere-turns 
need not he drawn to the mimo scale 
us the voltH-per-lnrn. The reason for representing ampere- 
turns rather than amperes, and velts-per-turn instead of 
volts, is to hoop tlh(! lint ' H of reasonable length. Other- 
wise 'in a trmwformor with high ratio of transformation, 
similar quantitioH would bo represented by lines of very 
inconvenient lengths. 
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EXCITING CURRENT, CORE LOSSES 

(VI. If Lho core IOHHOH duo to liyHtoroHis nncl oddy 
nro not nogligiblo, tho primary (sumrnt must ho 
inwuwod in prnvido for thoHo bases. 
Thin additional nompummt in com- 
monly unllod tho inagiiotissing or 
(ixflitmg (lurumt. Hdi'idUy Hiwiiking, 
tho nuigiidtiiiiiig (iiirwnt in only tho 
purl; Hint provide for hyHtoroHis. 
Tim inugnoLi/JiiK ciirront in novor 
Jim-iiiDnid, HH hyHtomsis 
yH prodiuniH a wirtuiu dintoi-- 
Uon in (Jio wuvo form. Wo may 
us 11 ruin ignom ilui highor hivrmon- 
iitH, tm tJioy in-o pnuiticidly nogligiblo 
in (!onipni'im)ii with l,hn load tnir- 
ninl-K. Thin may hn ilhwtmtod us 
follown: If /] rojironontH Uio wliolo 
primary mirront, with (lomponnnt.s 
and /1 :! of thrno tiitiOH an 
i, wo huvo 
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A i of fuudninoiitiil 



grout fwiiiiioiioy, and if higlmr tornw liro 



from whioh it will lin won, for oxuiuplo, that if A 
wo Klmll havo /i ; l..(!(). r i AI. 

To )rovido powor for liyHttiroHW and oddy 
tho oxniting ouri-oufc nuwt 1m ahoad of tho Ihix iti jilmso. 
In Fig. yj wo iiipniHoub tho aniponi-turiiH of tlio oxuiting 
c-un-oiit by tho lino Om, Tim lino 01') w oqual and n]>po,sito 
to 0(J-2\ and OUi, tho romiltant of 01) mid Om, roju-oHonta 
tho total primary ampiu-o-tnim 1'ut in anothor way, wo 
may Hay that Om i tho rtisultanb of OC\ and OC' 2 , 
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EFFECT OF THE FLUX LEAKAGE 

05. In cnso some of the Hues of force linking with the 
primary coil do not link with the secondary coil, but 
pass outside the core, we have a con- 
dition of affairs practically equivalent 
to considering the usoful flux as link- 
ing with both coils, and the leakage 
flux linking with a choice coil in series 
in tho primary circuit and having a 
number of turns equal to those oC 
tho primary. Tho choko coil is sup- 
posed to havo no roBiHtanco. Tho 
potential drop in tho choko coil will 
load tho ohmic drop in tho primary 
by 00. The nux, which links with 
.a portion only of tho turns in either 
coil, in equivalent to a smaller amount 
linking with all and having tho samo 
total amount of flux-turns. 

In 1% 22, .i//, which loads 00 1 
(primary lunporo-turna) by 90, repre- 
sents tho primary volts-per-turn con- 
Biimod by flux leakage. A^h is tho 
ohu.io drop poi' primary turn. Off is tho total applied o.m.f . 
per primary turn. 
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TRANSFORMER EQUATIONS 

& flfl Tho relations among tho quantities represented 
1) Y W 22 may bo expressed in tho form of equations. 
hot us assume that tho external portion of tho secondary 
circuit has an impedance r t + jw and lot us assume that 
-tho flux linking with tho primary circuit, but not with the 
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REVOLVING VKCTORM 



Kcsoondaiy, w c//, with miixiniuni viilim </>'. Tho oxciting 
oiimmt in in. '.rho othdi- HyiuJHils liiivn tho naino Hi^iut- 
iouuco UH buforo. Wo tlwsii luivo for 1,1m revolving vucfcura 
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TRANSFORMER 3HAGRAMS, LEADING CURR1SNT 

(S7. If llm n(!(!omliuy mimmfc li'iuln K.H ttlt 
forco, tlio pnipiii- pliiiHt) vidniiiitiH nro to ho tukou into 
uoiiHidonLliiiu in iniikiii^ l-lus diu- 
gnun, 

.Kip;. UM illiiHtnitdH tin; C.IIMO of a 
Itnuling mx-oiuliiry (iiirronl,. ()(! y 
ntpnwnU Llio Homnnlury 
(iiii'iiH, Oli-,> dim Uu'iniiuil 
voll.H-|Hir4uru ( (H-i Uui ]iriinmy 
umpimi-LuriiH, and OH tlio ]>riinury 
tonniiial volt.H-nid'-tiini. Tho ohmin 

* 

drop, vtiltH-por-Uim, in niprominUnl 
l>y ^a/'aj in I'l" 1 mmoiidiuy, nnd 
by A lit i, in tlui pnniiuy, Tho 
indiMiUvo ilnip in thn primary, 
voltn-ptir-Umi, in ritpniHunl.tid by 
7/i/Y. HiMiiuiHo (tf [,hii plniHo rnlu- 
tioiw, Uui inthitiUvo drop in Fig, 
ail is noli a drop ut all, Itud ruUntr 
a risn; for Uin terminal vnltH-por- 
07/" aro iicbually lim than lilus amount (Wi, wliiuli 
would liavo boon required for tho Haino cdnditioiiH of tho 
with HO muguotio loakago. 
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DIFFICULTY FOUND IN EXPONENTIAL EXPRESSION 

OS. To express tho magnitudes represented in tho 
proviovm equations and diagrams in terms of exponentials, 
tho phase relations must all bo dotormincd. If, for oxamplo, 
it in desired to express tho -secondary currant in terms of 
tho primary electromotive foroo and tho constants of tho 
circuit, wo shall find tho exponential expression to bo very 
complicated. On tho whole it in bettor in n numerical 
prnhlnm to proceed through tho series of equations given 
in GO, using numerical valiion. Practically it is difficult 
to determine tho leakage ilux and the magnotixing current. 
Tho reiinon is ImcauHO the permeability of tho coro is nob 
uoMHtant, and the l(tnka{i;o (lux, therefore, in liighor at larger 
h)!ids. Tho dillicultitw are, however, not insuperable. 



CONCLUSION 

(W. It IH Ixiyond the scopo of this small book to con- 
nidor all tho alternating current problems to which tho 
method of involving vectors may bo applied. If tho reader 
hiw Inuiomo well enough atKiuainted with tho method 
to feel confidence in applying it when occasion arises, 
tho auMior'H purposo in writing on the aubjoct has been 
aueoniplinhod. 
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